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Abstract
The masses and decays of the scalar D∗s0(2317) and axial-vector D
∗
s1(2460) charmed
strange mesons are calculated consistently in the hadrogenesis conjecture. These
mesons decay either strongly into the isospin-violating π0Ds and π
0D∗s channels or
electromagnetically. They are generated by coupled-channel dynamics based on the
leading order chiral Lagrangian. The effect of chiral corrections to chiral order Q2χ is
investigated. We show that taking into account large-Nc relations to determine the
strength of these correction terms implies a measurable signal for an exotic axial-
vector state in the η D∗ invariant mass distribution. The one-loop contribution to
the electromagnetic decay amplitudes of scalar and axial-vector states is calculated.
The Lagrangian describing electromagnetic interactions is obtained by gauging the
chiral Lagrangian for hadronic interactions and adding gauge-invariant correction
terms to chiral order Q2χ. In addition the role of light vector meson degrees of free-
dom is explored. We confront our results with measured branching ratios. Once
the light vector mesons are included, a natural explanation of all radiative decay
parameters is achieved.
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1 Introduction
The observation [1,2] of two narrow, positive parity, charmed strange mesons at
masses lower than expected in quark models [3,4] may provide new insight into
the way hadrons are generated. The properties of these two mesons, the scalar
D∗s0(2317)
± and the axial-vector D∗s1(2460)
±, appear indeed sensitive to the
degrees of freedom building up hadronic excitations and to strong interaction
symmetries [5,6]. It is therefore of interest to compute the properties of these
states in effective field theories involving hadronic degrees of freedom and
constrained by specific symmetries.
The importance of symmetries in constructing effective actions describing
heavy-light mesons was emphasized a long time ago. As early as 1993, Nowak,
Rho and Zahed [7] derived an effective action combining chiral and heavy-
quark symmetries and predicted that the pseudoscalar (0−) and vector (1−)
ground states should have chiral partners as a consequence of the spontaneous
breaking of chiral symmetry. The splitting between the two sets of states was
found to be rather small (of the order of the constituent quark mass). It was
also noted that the large Nc limit appeared compatible with the heavy-quark
2
limit in the heavy-light meson sector. Later work by the same authors [8]
addressed specifically the observed D∗s0(2317) and D
∗
s1(2460) mesons. Similar
considerations linking chiral and heavy-quark symmetries to parity-doubled
heavy-light mesons systems were published at the same time by Bardeen and
Hill [9]. These papers rely on the chiral quark model which predicts the heavy-
light 0+ and 1+ states as chiral partners of the heavy-light 0− and 1− antitriplet
states. There is no prediction of that kind for non-linear realizations of the
chiral SU(3) group.
The discovery of the D∗s0(2317) and D
∗
s1(2460) mesons in 2003 and the diffi-
culty of conventional approaches to reproduce their masses motivated a large
number of theoretical studies involving different descriptions based on multi-
quark states, molecular pictures or dynamical generation of resonances (see
[5,6] for a broad set of references).
In order to get more insight into the nature of the D∗s0(2317) and D
∗
s1(2460)
mesons, it was pointed out by Mehen and Springer [10] that the electromag-
netic decays of these states could be most helpful in distinguishing among
models. This property was illustrated by a specific comparison of leading or-
der heavy-hadron chiral perturbation theory predictions for these decays to a
corresponding calculation in the molecular picture.
The purpose of our paper is to study consistently the masses, electromagnetic
and strong decays of the D∗s0(2317) and D
∗
s1(2460) mesons in the hadrogen-
esis conjecture where earlier work [11,12,13] showed that such states can be
produced at their observed masses. This approach for heavy-light mesons ex-
ploits both heavy-quark and spontaneously broken chiral symmetries and ge-
nerates Ds-mesons through relativistic coupled-channel dynamics. Goldstone
bosons are scattered off heavy-light pseudoscalar and vector D-meson ground
states. For the D∗s0(2317)
+ meson, the calculation involves the ηD+s , K
0D+
and K+D0 channels coupled further to the π0D+s channel through an isospin-
mixing parameter. Analogously we consider for the D∗s1(2460)
+ meson the
ηD∗+s , K
0D∗+, K+D∗0 and π0D∗+s channels. The strong, parity-violating de-
cays of the D∗s0(2317) and D
∗
s1(2460) mesons give the main part of their total
widths and reflect both the coupled-channel dynamics and the treatment of
isospin-mixing effects. The electromagnetic widths are very sensitive to the
details of the coupled-channel dynamics and to the vector degrees of freedom
treated explicitly in the interaction Lagrangian.
A series of papers have addressed specific issues related to the contents of
our work. The D∗s0(2317) and D
∗
s1(2460) mesons were dynamically generated
based on the leading order heavy chiral Lagrangian by Guo et al. [14,15]. They
also computed the strong decays of the D∗s0(2317) and D
∗
s1(2460) mesons. As
this calculation is quite comparable to our first step leading order deriva-
tion, we will compare our results for the strong widths and comment on the
3
differences. Open-charm meson systems and their decays were also studied
from a Lagrangian based on the SU(4) flavour symmetry by Gamermann et
al. [16,17,18]. The starting SU(4) degeneracy in this approach is quite dif-
ferent from the light-quark chiral symmetry and charmed quark heavy-quark
symmetry underlying our work. The SU(4) symmetry is not an approximate
symmetry in the presence of a heavy quark and needs to be largely broken
by phenomenological interactions [16]. It is therefore expected that the prop-
erties of heavy-light mesons will differ significantly in both approaches even
though specific effects in radiative decays can be similar. We will illustrate this
point in the discussion of the electromagnetic decay of the D∗s0(2317) state.
The D∗s0(2317) and D
∗
s1(2460) mesons were interpreted as hadronic molecules
by Faessler et al. [19,20]. It is assumed that the D∗s0(2317) is a strong bound
state of K and D mesons while the D∗s1(2460) is treated as a bound state of
K* and D mesons. The strong and radiative decays were calculated using a
phenomenological Lagrangian. While this phenomenological approach is quite
far from our description, we find some common features in the strong decay
properties. We will point them out.
We summarize now the experimental data available on the charmed strange
mesons. We display in Fig. 1 the D±s -meson spectrum as presently known
[21,22]. We also indicate the DK threshold whose closeness to the D∗s0(2317)
and D∗s1(2460) mesons influences the dynamics of these states. The spin and
parity of the D±s -mesons are well-established for the ground state and for the
D∗s1(2460)
±. The spin and parity of the other states need confirmation. We
have quoted their most probable values.
The D∗s(2112)
± and D∗s0(2317)
± mesons lie below the DK threshold and are
therefore expected to be very narrow states. They can decay either electro-
magnetically or into the isospin-violating D±s π
0 channel.
The D∗s(2112) has a width Γ < 1.9 MeV and decays dominantly by a radiative
transition to the scalar ground state with a probability of (94.2 ± 0.7) % [21].
Its decay probability to the Dsπ
0 channel is therefore (5.8 ± 0.7) %.
The most stringent upper limit obtained for the D∗s0(2317) width is Γ <
3.8 MeV [23]. The D∗s0(2317) was first observed through its decay into the
Ds(1968) π
0 channel [1]. Its radiative decay to the Ds(1968) has never been
seen. The upper limits available on the ratio of the radiative to pionic decay
widths of the D∗s0(2317) to the ground state and to the D
∗
s(2112) are [21]
Γ [D∗s0(2317) → Ds(1968) γ]
Γ [D∗s0(2317) → Ds(1968) π0]
< 0.05 (1)
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Fig. 1. The D±s -meson spectrum with the most probable spin-parity assignments
together with the radiative transitions on which there is experimental information
[21,22]. The arrows without number indicate that there are experimental constraints
on these decays but no absolute branching ratios. The dashed line shows the DK
threshold.
Γ [D∗s0(2317) → D∗s(2112) γ]
Γ [D∗s0(2317) → Ds(1968) π0]
< 0.059. (2)
The D∗s1(2460) meson is located above the DK threshold but appears never-
theless very narrow: its total width was found to be less than 3.5 MeV [23].
Constraints on its radiative decays to the Ds(1968), to the D
∗
s(2112) and to
the D∗s0(2317) are as follows [21],
Γ [D∗s1(2460) → Ds(1968) γ]
Γ [D∗s1(2460) → D∗s(2112) π0]
= 0.31± 0.06, (3)
Γ [D∗s1(2460) → D∗s(2112) γ]
Γ [D∗s1(2460) → D∗s(2112) π0]
< 0.16, (4)
Γ [D∗s1(2460) → D∗s0(2317) γ]
Γ [D∗s1(2460) → D∗s(2112) π0]
< 0.22. (5)
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An absolute measurement of the decay probability of the D∗s1(2460)
− to the
Ds(1968)
− γ channel gave recently (16± 7)% [22]. The same data also provided
the branching fraction B(D∗s1(2460)
− → D∗s(2112)−π0) = (56 ± 22)%. The
ratio is in agreement with the value quoted in (3).
The D∗s1(2536) and D
∗
s2(2573) widths were recently measured to be (1.03±0.017)
MeV and (27.1 ±6.2) MeV respectively [24,25]. The radiative decay widths of
these states are not known.
We restrict our calculations to the radiative and isospin-violating π0 decays
of the D∗s0(2317)
+ and D∗s1(2460)
+ states on which there are fragmentary but
significant data. We note that the presence of a 2+ state about 100 MeV
above the D∗s1(2460)
+ state is an indication of physics outside our scheme
around that energy scale which should guide future investigations of higher-
lying states. In view of the uncertainties in the measured widths of the D∗s0 and
D∗s1 states, our main concern will be to check the ability of the hadrogenesis
conjecture to provide a consistent picture of the main features of the decay
scheme. We aim at identifying the important contributions to the dynamics
of these decays, determining characteristic ranges for the parameters involved
and making predictions able to test further the structure of the Ds-mesons
and the specific conjecture on which this work relies.
This paper is organized as follows. Section 2 is devoted to the generation of
the D∗s0(2317)
+ and D∗s1(2460)
+ mesons and to the calculation of their strong
isospin-violating decay widths. We present first a calculation based on the lead-
ing order chiral Lagrangian in which massive vector particles are described in
terms of antisymmetric tensor fields. We introduce subsequently chiral correc-
tion terms to chiral order Q2χ to take into account s- and u-channel D-meson
exchange processes and local two-body counter terms. Section 3 deals with the
coupling of the electromagnetic field to the hadrons. In a first step we gauge
the hadronic interactions introduced in Section 2. We add gauge-invariant in-
teraction terms of chiral order Q2χ. We consider also interaction vertices probed
when including the light vector mesons as explicit degrees of freedom. We com-
ment on the values of the parameters associated with these terms in relation
to QCD symmetries and discuss the renormalization of the ultraviolet singu-
larities. The explicit expressions of the electromagnetic decays are derived in
Section 4 for the scalar state D∗s0(2317) and in Section 5 for the axial-vector
state D∗s1(2460). Our numerical results are presented in Section 6 and com-
pared to the available data. We discuss the role of the different contributions
and the constraints expected on the range of values for the coupling constants
of specific interaction terms. We conclude in Section 7. We relegate lengthy
derivations in seven appendices (A-G).
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2 Generation and strong isospin-violating decays of molecules
This section deals with the generation of the scalar D∗s0(2317) and isovec-
tor D∗s1(2460) mesons in the coupled-channel framework of [12,13]. This des-
cription is based on the scattering of Goldstone bosons off heavy-light 0− and
1− mesons respectively. Isospin-breaking effects arise from the difference be-
tween the up and down quark masses which leads to isospin-violating strong
decay amplitudes, D∗s0(2317)→ π0Ds and D∗s1(2460)→ π0D∗s . These isospin-
breaking effects were not included in earlier work based on the assumption of
perfect isospin symmetry [12,13]. We consider scalar and axial-vector states
successively. In the latter case, we reformulate the derivation of [12,13] in terms
of massive 1− fields represented by antisymmetric tensors. This particular de-
velopment is needed later to arrive at expressions which are gauge-invariant in
a transparent manner. For both states, we consider first the hadronic interac-
tions resulting from the leading order chiral Lagrangian and treat afterwards
chiral corrections to chiral order Q2χ.
We emphasize the importance of studying scalar and axial-vector mesons in
the open-charm sector on equal footing. The properties of spin 0 and spin 1
heavy-light mesons are indeed closely related by the heavy-quark symmetry of
QCD [26,27,28,29,30]. Even though the charm quark mass is much larger that
the light (u,d,s) quark masses, the limit in which the mass of the charm quark
goes to infinity is an approximation which may require significant corrections
[31,32]. Rather than applying a formalism where scalar and vector fields are
fully degenerate and grouped together in one field as implied by exact heavy-
quark symmetry, we use separate scalar and vector D-meson fields to allow for
the observed mass difference between spin multiplets.
2.1 The scalar state D∗s0(2317)
The open-charm D∗s0(2317) state has been shown to be dynamically generated
as a direct consequence of the leading order chiral Lagrangian density [12,13],
L= 1
4
tr (∂µΦ) (∂
µΦ)− 1
4
trχ0Φ
2 + (∂µD) (∂
µD¯)− DM20− D¯
+
1
8 f 2
{
(∂µD) [Φ, (∂µΦ)]− D¯ −D [Φ, (∂µΦ)]− (∂µD¯)
}
, (6)
where Φ and D are the pseudoscalar octet and triplet fields. We use the no-
tation D¯ = D†. In the particle representation the Goldstone and ground state
open-charm meson fields are
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Φ =


π0 + 1√
3
η
√
2 π+
√
2K+
√
2π− −π0 + 1√
3
η
√
2K0
√
2K−
√
2 K¯0 − 2√
3
η

 , D = (D
0,−D+, D+s ) . (7)
The Weinberg-Tomozawa term in (6), which is proportional to f−2, is obtained
by chirally gauging the kinetic term of the D-mesons. It is of chiral order Qχ
as it involves a single derivative of the light Goldstone fields. The parameter
f ≃ fpi = 92.4 MeV in (6) is the octet meson decay constant. It defines
the scale of chiral symmetry breaking and is approximatively known from
the weak decay of the charged pions. A precise determination of f requires a
chiral SU(3) extrapolation of some data set. In [33] the value f ≃ 90 MeV was
obtained from a detailed study of pion- and kaon-nucleon scattering data. We
will use f = 90 MeV throughout this work unless specified otherwise. This
parameter determines the leading s-wave interaction of the Goldstone bosons
with the open-charm meson fields. We note that our approach is consistent
with heavy-hadron chiral perturbation theory [10] but at variance with the
work of [16,17,18] where the large breaking of the assumed SU(4) flavour
symmetry leads to different interactions. The ground state scalar D-meson
mass matrix is denoted by M0− . The mass term of the Goldstone bosons is
proportional to the quark-mass matrix
χ0=2B0


mu 0 0
0 md 0
0 0 ms

 =
1
3
(
m2pi + 2m
2
K
)
1 +
2√
3
(
m2pi −m2K
)
λ8 . (8)
At leading order the latter can be expressed in terms of the pion and kaon
masses as indicated in (8).
If we admit isospin-breaking effects, i.e. mu 6= md, there is a term in (6)
proportional to (mu−md) π0 η, inducing π0 η mixing. A unitary transformation
is required such that the transformed fields π˜0 and η˜ defined by
π0 = π˜0 cos ǫ− η˜ sin ǫ , η = π˜0 sin ǫ+ η˜ cos ǫ , (9)
decouple. The Lagrangian density (6), when written in terms of the new fields,
does not show a π˜0 η˜ term if and only if
sin(2 ǫ)
cos(2 ǫ)
=
√
3
md −mu
2ms −mu −md . (10)
According to [34] the ratio of quark masses relevant in (10) takes the value
8
md −mu
ms − (mu +md)/2 =
1
43.7± 2.7 , (11)
which implies the mixing angle
ǫ = 0.010± 0.001 . (12)
Heavy-light meson resonances with quantum numbers JP =0+ manifest them-
selves as poles in the s-wave scattering amplitude T (s). We consider the four
isospin states 〈KD, I|, 〈πDs, 1| and 〈η Ds, 0|. In the presence of isospin mi-
xing all channels couple. The mixing of the two isospin sectors is of order ǫ.
Using the phase convention of [12,13], we define the four states
〈1| = 〈 π˜0D+s | = cos ǫ 〈π0Ds, 1|+ sin ǫ 〈η Ds, 0| ,
〈2| = 〈 η˜ D+s | = cos ǫ 〈η Ds, 0| − sin ǫ 〈π0Ds, 1| ,
〈3| = 〈K0D+| = + 1√
2
(〈KD, 0| − 〈KD, 1|) ,
〈4| = 〈K+D0| = − 1√
2
(〈KD, 0|+ 〈KD, 1|) . (13)
The Weinberg-Tomozawa interaction (6) implies a scattering amplitude of the
simple form [12,13]
T (s) =
[
1− V (s) J(s)
]−1
V (s) . (14)
The matrix of loop functions, J(s), is diagonal and given by [12,13]
J(s) = I(s)− I(µ2M) ,
I(s) =
1
16 π2
(
pcm√
s
(
ln
(
1− s− 2 pcm
√
s
m2 +M2
)
− ln
(
1− s + 2 pcm
√
s
m2 +M2
))
+
(
1
2
m2 +M2
m2 −M2 −
m2 −M2
2 s
)
ln
(
m2
M2
)
+ 1
)
+ I(0) , (15)
where
√
s =
√
M2 + p2cm +
√
m2 + p2cm and pcm is the center of mass momen-
tum of the scattering particles. Each diagonal element depends on the masses
of the light (Goldstone) and heavy (open-charm) mesons m and M defining
the coupled-channel state. The matching scale µM in (15) should be identi-
fied with the ground state mass of the Ds-meson, i.e. µM ≃ 1968 MeV [33].
For such a value, s- and u-channel unitarized scattering amplitudes may be
smoothly matched around the matching scale so as to define a full scattering
amplitude that is crossing symmetric by construction. The determination of
the matching scale and the induced approximate crossing symmetry parallels
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the derivation published for kaon-nucleon scattering in [33]. The minimal crit-
ical point needed to open the matching window for πDs or KD scattering is
typically of the order of
√
m2pi +M
2
Ds
≃
√
mK2 +M2D ≃ MDs. One may vary
the matching scale slightly around its natural value. As shown in [11] the re-
sulting effects are small for reasonable variations. A large variation is excluded
since it would make the matching of u- and s-channel unitarized amplitudes
possible only at the price of introducing a strong discontinuity, which is at
odds with causality.
The coupled-channel interaction kernel Vij(s) in (14) is determined by the
leading order chiral SU(3) Lagrangian (6) to be [12],
V
(0+)
WT,ij(s) =
Cij
8 f 2
×
(
3 s−M2 − M¯2 −m2 − m¯2 − M
2 −m2
s
(M¯2 − m¯2)
)
, (16)
where (m,M) and (m¯, M¯) are the masses of initial and final mesons and
the indices i and j refer to the states defined in (13). The 4×4 matrix Cij ,
whose elements characterize the interaction strength in a given channel, can be
expressed in terms of the mixing angle ǫ and the isospin zero C
(0)
ij and isospin
one C
(1)
ij coupling matrices of [12]. For the channels of positive strangeness
considered in (13), we have
C11 = C
(0)
22 sin
2 ǫ+ C
(1)
11 cos
2 ǫ C12 = (C
(0)
22 − C(1)11 ) sin ǫ cos ǫ
C22 = C
(0)
22 cos
2 ǫ+ C
(1)
11 sin
2 ǫ C13 =
1√
2
(
C
(0)
12 sin ǫ− cos ǫ C(1)12
)
C23 =
1√
2
(
cos ǫ C
(0)
12 + sin ǫ C
(1)
12
)
C33 =
1
2
(
C
(0)
11 + C
(1)
22
)
C14 =
−1√
2
(
C
(0)
12 sin ǫ+ C
(1)
12 cos ǫ
)
C24 =
−1√
2
(
C
(0)
12 cos ǫ− C(1)12 sin ǫ
)
C34 =
−1
2
(
C
(0)
11 − C(1)22
)
C44 =
1
2
(
C
(0)
11 + C
(1)
22
)
C
(0)
11 = 2 = 2C
(1)
12 C
(0)
12 =
√
3 C
(0)
22 = C
(1)
11 = C
(1)
22 = 0 . (17)
Given the coupled-channel scattering amplitude (14) with the effective inter-
action (16), it is straightforward to determine the mass and width of possible
resonances. The Weinberg-Tomozawa interaction is strongly attractive in the
isospin strangeness (I,S) = (0,1) sector, leading to the formation of a scalar
resonance of mass M0+ . The latter manifests itself as a pole in the scattering
amplitude which factorizes close to the pole at s = M20+ ,
Tij(s) ≃ − 2 g
∗
i M
2
0+gj
s−M20+ + iΓ0+ M0+
, (18)
10
with the coupling constants gi and the width Γ0+ . We do not consider the
possibility of background terms as we are dealing with a narrow resonance.
The numerical results obtained at leading order should be viewed as quali-
tative. At the end of this section more quantitative results including chiral
corrections will be presented.
To reproduce the empirical mass of 2317.6 MeV at leading order for the 0+
state requires using an effective parameter feff = 95.5 MeV in (16). Taking
ǫ = 0.010, the coupling constants are
g η Ds ≃ 1.95 , gpi0Ds ≃ 0.056,
gK0D+ ≃ 2.25 , gK+D0 ≃ −2.25 . (19)
Isospin-breaking effects in the KD coupling constants are found to be negligi-
ble, i.e. gK0D+ ≃ −gK+D0 holds quite accurately. It is therefore meaningful to
work with the isospin coupling constants
g
(0+)
KD =
√
2 gK0D+ ≃ 3.18 , g(0+)η Ds = g ηDs ≃ 1.95 . (20)
The flavour SU(3) limit suggests
√
3 g
(0+)
ηDs
= g
(0+)
KD , a result quite compatible
with the values given in (19, 20).
The strong width of the D∗s0(2317) is related to gpi0Ds by
ΓD∗
s0
(2317)→pi0Ds = |gpi0Ds |2
pcm
4 π
≃ |gpi0Ds|2 23.7MeV ≃ 76 keV , (21)
where pcm is the pion momentum in the center of mass frame. Our value of 76
keV is almost an order of magnitude larger than the value given in [14] based
on the same interaction.
To trace the origin of this difference, it is useful to understand the physics
underlying gpi0Ds. At linear order in isospin breaking, it is the sum of two
terms,
gpi0Ds = ǫ˜ g
(0+)
KD + ǫ g
(0+)
ηDs
. (22)
The contribution proportional to g
(0+)
ηDs
is unambiguously determined by the
angle ǫ, as a direct consequence of the π0η mixing defined in (9), and linked
to the finite value of (mu − md). If it were the only contribution to gpi0Ds ,
the corresponding strong width ΓD∗
s0
(2317)→pi0Ds would be ∼ 9 keV, a value
compatible with the 8.7 keV obtained in [14] based on π0η mixing.
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The contribution proportional to g
(0+)
KD appears at the same level and is not
included in [14]. It is induced by the mass difference between the neutral and
charged kaons and between the neutral and charged D-mesons. Like the π0η
mixing phenomenon, it couples the two isospin sectors and is related to the
finite value of (mu −md). It is clearly not there if one assumes mK+ = mK0
and MD+ = MD0 . This effect in chiral coupled-channel dynamics is analo-
gous to the mixing phenomenon recently pointed out in the molecular picture
[19,20] where it is induced by the exchange of vector K∗- and D∗-mesons. The
parameter ǫ˜ in (22) must have the form
ǫ˜ = ǫ˜1 + ǫ˜2 , ǫ˜1 ∼ (mK+ −mK0) , ǫ˜2 ∼ (MD+ −MD0) , (23)
where the proportionality factors depend on the details of the coupled-channel
dynamics. At leading order we predict ǫ˜ ≃ 0.012 with ǫ˜1 ≃ 0.004 and ǫ˜2 ≃
0.008. The term ǫ˜ g
(0+)
KD in gpi0Ds is roughly twice larger than ǫ g
(0+)
ηDs
and appears
dominated by the isospin-breaking induced by MD+ 6= MD0 . These results
agree qualitatively with the findings of [19,20].
We mention two sources of uncertainty in the value derived above for the
strong width of the D∗s0(2317). First we use the physical masses of the neutral
and charged kaons and D-meson including the electromagnetic contribution
to these masses. The latter should in principle be generated by the coupling of
the hadronic Lagrangian to the electromagnetic field. The splitting of hadronic
and electromagnetic interactions is a nontrivial issue [35,36] which we do not
address here. The use of physical masses in the unitarization loop function
(15) is in line with the scheme developed in [33]. Loop corrections implied
by photon-exchange processes enter the effective coupled-channel interaction
V (s) in (14) at order Q3χ. Another source of uncertainty lies in the coupling
constants gηDs and gKD. It was shown in [13] that chiral correction terms
of order Q2χ modify these couplings and lead to the values gηDs ≃ 3.7 and
gKD ≃ 3.7. The width of 76 keV quoted above is therefore most likely a lower
limit as suggested by inserting the coupling constants of [13] into (21) and
(22). We will return to this issue in the final part of this section.
2.2 The axial-vector state D∗s1(2460)
We turn to the generation and strong decay of the axial-vector mesonD∗s1(2460).
This calculation involves the same procedure as followed for the scalar state
except that we now build the axial-vector state by scattering Goldstone bosons
off vector D-mesons.
Since we aim at predicting electromagnetic decay amplitudes, we have to con-
struct gauge-invariant expressions. Our Lagrangian involves massive scalar and
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vector D-meson particles. We are faced with a serious complication, namely,
the mixing of scalar and vector modes. It is a quite cumbersome enterprize to
arrive at gauge-invariant expressions in the presence of such mixing phenom-
ena [37,38,39]. This is a known and non-trivial complication of the standard
model where the Higgs boson may mix with the longitudinal component of
the Z boson [40]. A solution to this problem is to represent the 1− D-mesons
in terms of antisymmetric tensor fields [41,42,43,44]. The massive vector field
is proportional to the divergence of the antisymmetric tensor.
To proceed with this particular representation we demonstrate first that the
results of [12], which were obtained using the conventional vector field repre-
sentation, can be recovered with the tensor field representation.
We start with the Lagrangian density,
L=−(∂µDµα) (∂νD¯να) + 1
2
DµαM21− D¯µα
− 1
8 f 2
{
(∂νDνα) [Φ, (∂µΦ)]− D¯
µα −Dνα [Φ, (∂νΦ)]− (∂µD¯µα)
}
, (24)
involving the kinetic term and its associated Weinberg-Tomozawa interaction.
The antisymmetric triplet fields Dµν = −Dνµ and D¯µν = D†µν with Dµν =
(D0µν ,−D+µν , D+s,µν) describe the heavy-quark multiplet partners of the fields
D introduced in (7). M1− denotes their mass matrix. Since the tensor field
representation is not frequently used in the literature, we recall the definitions
of the propagator and of the associated wave function,
〈0| T D¯µν(x)Dαβ(y) |0〉 = − i
M21−
∫
d4k
(2π)4
e−i k·(x−y)
k2 −M21− + i ǫ
×
[
(M21− − k2) gµα gνβ + gµα kν kβ − gµβ kν kα − (µ↔ ν)
]
(25)
and
〈0|Dµν(0) |D(p, λ)〉 = ǫµν(p, λ) = i
M1−
[
pµ ǫν(p, λ)− pν ǫµ(p, λ)
]
,
3∑
λ=1
ǫ†µ(p, λ) ǫν(p, λ) = −gµν +
pµ pν
M21−
, (26)
where the wave function is expressed most economically in terms of the conven-
tional wave function ǫµ(p, λ) of a vector particle in the vector representation.
To derive the on-shell scattering amplitude based on the interaction (24), we
have to reformulate with the tensor representation the technique developed in
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[11] using the vector representation of spin one fields. The on-shell part of the
scattering amplitude in the vector representation takes the simple form,
T on−shellµν =
∑
J,P
M (JP )(s)Y (JP )µν (q¯, q;w) , (27)
where the projectors Y (JP )µν (q¯, q;w) are constructed to carry well-defined total
angular momentum J and parity P . The projectors are polynomials in the
initial and final 4-momenta of the Goldstone bosons, qµ and q¯µ, as well as in
the total 4-momentum wµ (w
2 = s). We are interested only in the JP = 1+
sector to generate the D∗s1(2460). We recall the appropriate projector
Y (1+)µν =
3
2
(wµwν
w2
− gµν
)
. (28)
The merit of the projectors is their property of solving the Bethe-Salpeter
coupled-channel equation analytically for quasi-local interactions. The partial-
wave amplitudes M (JP )(s) are Lorentz invariant. They can be computed in
terms of an effective interaction V (JP )(s) and loop functions J (JP )(s),
M (JP )(s) =
[
1− V (JP )(s) J (JP )(s)
]−1
V (JP )(s) ,
J (JP )(s) = N (JP )(s)
{
I(s)− I(µ2M)
}
, (29)
where the factors N (JP )(s) reflect the presence of spin and angular momentum.
The latter, if multiplied by an appropriate factor sn, are polynomials in s and
the masses of the intermediate states. The universal integral I(s) is defined
in (15). The matching scale µM is taken to be the mass of the vector-meson
ground state, µM = 2012 MeV, following the same reasoning as given in
Section 2.1. for the scalar case.
We seek a set of tensor projectors, Y (JP )µν,αβ(q¯, q;w), with properties analogous
to those of Y (JP )µν (q¯, q;w). They are defined in terms of the previous ones by
Y (JP )µν,αβ(q¯, q;w) = 14 p¯ν Y (JP )µα (q¯, q;w) pβ − 14 p¯ν Y
(JP )
µβ (q¯, q;w) pα
− 1
4
p¯µ Y (JP )να (q¯, q;w) pβ + 14 p¯µ Y (JP )νβ (q¯, q;w) pα , (30)
where pµ = wµ − qµ and p¯µ = wµ − q¯µ. By construction we have
ǫ†,µν(p¯)Y (JP )µν,αβ(q¯, q;w) ǫαβ(p) =
√
p¯2 p2 ǫ†,µ(p¯)Y (JP )µν (q¯, q;w) ǫν(p) , (31)
where we made use of (26). The identity (31) provides the relation we are after
for the scattering amplitude,
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T on−shellµν,αβ =
∑
J,P
M (JP )(s)Y (JP )µν,αβ(q¯, q;w) , (32)
where the invariant partial-wave amplitudes are given by an equation of the
form (29). The only modification compared to the expressions of [11] is a
rescaling of the loop functions by a factor M2. The normalization factor reads
N (1+)(s) =
3
2
M2 +
p2cm
2
,
√
s =
√
M2 + p2cm +
√
m2 + p2cm . (33)
Using a convention for the coupled-channel states analogous to (13), the ef-
fective interaction V
(1+)
ij (s) implied by (24) is obtained by a straightforward
application of [11],
V
(1+)
WT,ij(s) =
M¯2 +M2
3 M¯2M2
V
(0+)
WT,ij(s) +
(M¯2 −M2)
12 f 2 M¯2M2
(m¯2 −m2)Cij , (34)
in terms of the matrix V
(0+)
WT,ij(s) and the Cij coefficients defined in (17). The
parameters M , M¯ , m and m¯ have the same meaning as in (16).
In the limit M¯ = M , we recover the expressions obtained in [12]. The invariant
amplitude M (1+)(s) is identical to that of [12] within a factor 2M2/3. This
implies in particular that the predictions for the axial-vector spectrum are
consistent with the expectation of the heavy-quark symmetry.
The D∗s1(2460) state is generated dynamically from the interaction Lagrangian
(24). The scattering amplitude develops a pole at s =M21+ . Close to the pole
it has the form
M
(1+)
ij (s) ≃ −
2
3 M¯ M
2 g∗i M
2
1+gj
s−M21+ + iΓ1+ M1+
, (35)
with the coupling constants gi and the width parameter Γ1+ . For the same
reason as in (18), we do not consider background terms. The normalization of
the coupling constants, gi, is such that in the heavy-quark limit they are iden-
tical to those of (18). The values discussed in the following can be compared
directly to those given in [13].
To reproduce the empirical mass of 2459 MeV at leading order for the 1+
state requires using an effective parameter feff = 97.2 MeV. The coupling
constants are then
g ηD∗s ≃ 1.95 , gpi0D∗s ≃ 0.049 ,
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gK0D∗
+
≃ 2.25 , gK+D∗
0
≃ −2.25 . (36)
Isospin-breaking effects in the coupling constants are again found negligible.
For a quantitative study that considers chiral correction terms we refer to the
end of this section. The values (36) are identical (or very similar for g
(1+)
pi0D∗s
)
to those given in (19). This approximate degeneracy is expected from heavy-
quark symmetry. The strong width of the D∗s1(2460) is determined by gpi0D∗s .
We get 55 keV using ǫ = 0.010. Our result for the width parameter is five
times larger than the value obtained in [15] based on the same interaction.
The reason for such a discrepancy is again the neglect of isospin-breaking
effects in the kaon and D*-meson masses in [15]. The uncertainties in the
strong width discussed for the D∗s0(2317) apply equally for the D
∗
s1(2460).
2.3 Chiral correction terms
It was shown in [13] that chiral correction terms at subleading order (Q2χ) pro-
vide additional mass shifts for the D∗s0 and D
∗
s1 states, such that their masses
are consistent with the observed values when using f = 90 MeV rather than
the effective decay parameters feff of the previous sections. We construct
these chiral corrections to the leading order interactions (6) and (24) by ad-
justing the expressions of [13] to the tensor representation of massive vector
particles. There will be two types of contributions for s-wave scattering. On
the one hand we include s- and u-channel exchanges of the D-meson ground
states based on the leading order vertices involving a Goldstone boson and
two D-mesons. On the other hand local 2-body counter terms (breaking chi-
ral symmetry and chiral symmetric respectively) will be constructed. These
different contributions are shown in Fig. 2.
Fig. 2. Chiral correction terms from s- and u-channel exchange processes of the
D-meson (left) and local 2-body counter terms (right). The thin and thick lines
represent Goldstone and heavy-light mesons respectively.
The s- and u-channel exchanges of the D-meson ground states at chiral order
Q2χ are generated by leading order (Qχ) 3-point vertices,
16
L= i gP
f
{
Dµν (∂
µΦ) (∂νD¯)− (∂νD) (∂µΦ) D¯µν
}
+
g˜P
4 f
ǫµναβ
{
Dµν (∂αΦ) (∂
τ D¯τβ) + (∂
τDτβ) (∂αΦ) D¯µν)
}
. (37)
As derived in Appendix A, the decay of the charged D∗-mesons implies
|gP | = 0.57± 0.07 . (38)
The parameter g˜P in (37) can not be extracted from empirical data directly. In
the absence of an accurate evaluation within unquenched lattice QCD, the size
of g˜P can be estimated using the heavy-quark symmetry of QCD. As discussed
in Appendix B, one expects at leading order
g˜P = gP . (39)
The coupling constant gP contributes to the effective interaction V
(0+)(s) and
V (1
+)(s) via s- and u-channel exchange processes of the D-meson ground states.
The specific processes involved are linked to the choice of representation for the
massive vector particles. In the vector representation, the propagator contains
a non-propagating 0+ component. In the tensor representation, it contains a
non-propagating 1+ component. We derive the relevant contributions applying
the on-shell reduction scheme of [11].
In the scalar sector, only the u-channel exchange of the JP = 1− contributes
as a consequence of the tensor representation. We have
V
(0+)
u−ch(s) = g
2
P
Cu−ch
4 s f 2
(
s− M¯2 + m¯2
) (
s−M2 +m2
)
+ g2P
Cu−ch
f 2
1∫
−1
dx
2
(q¯ · q)µ21− − (m¯2 − q¯ · p) (m2 − p¯ · q)
M2 + M¯2 − µ21− − s+ 2 q¯ · q
,
q¯ · q =
√
m¯2 + p¯2cm
√
m2 + p2cm − p¯cm pcm x ,
q¯ · p = −q¯ · q + s− M¯
2 + m¯2
2
, p¯ · q = −q¯ · q + s−M
2 +m2
2
,
√
s =
√
M2 + p2cm +
√
m2 + p2cm =
√
M¯2 + p¯2cm +
√
m¯2 + p¯2cm , (40)
where (m,M) and (m¯, M¯) are the masses of the initial and final mesons. The
parameter µ1− ≃ 2059 MeV is taken to be the average of the vector D-meson
masses. The coefficients C
(I,S)
u−ch are given in Table 1 for the channels relevant
for the formation and decay of the D∗s0(2317).
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(I,S) Channel C(I,S) C
(I,S)
pi,0 C
(I,S)
pi,1 C
(I,S)
K,0 C
(I,S)
K,1 C
(I,S)
2 C
(I,S)
3 C
(I,S)
s−ch C
(I,S)
u−ch
(0,+1) 11 2 0 0 4 0 2 0 4 0
12
√
3 0 −
√
3
2 0
5
2
√
3
0 − 1
2
√
3
4√
3
− 2√
3
22 0 −43 −23 163 0 2 13 43 43
(1,+1) 11 0 4 −2 0 0 2 1 0 0
12 1 0 −12 0 −12 0 12 0 −2
22 0 0 0 4 −2 2 1 0 0
Table 1
The coefficients C(I,S) that characterize the interaction of Goldstone bosons with
heavy-meson fields for given isospin (I) and strangeness (S). The channel indices 1
and 2 refer to the isospin basis used in [13].
As already noted in [13] the influence of the u-channel process is of very minor
importance for the formation of the D∗s0(2317). At f = 90 MeV and gP = 0 we
obtain a mass of 2304 MeV which is pulled down by 1 MeV only if we switch
on gP = 0.57.
The situation is different for the axial-vector state D∗s1(2460). Three processes
contribute: the s-channel exchange of the 1− state and the u-channel exchanges
of the 0− and 1− charmed mesons. The two u-channel contributions give
V
(1+)
u−ch(s) = −
Cu−ch
f 2
1∫
−1
dx
4
{
A1 (1 + x
2) + p¯cm pcm x (1− x2)A5
}
,
A1 =
g˜2P
16 M¯2M2 µ21−
{
−
(
M4 + (3µ21− − u)M2 + µ21− u
)
M¯4
+
(
(u− 3µ21−)M4 + (µ21− (2 s− u)− u2)M2
+m2 (M2 + µ21−) (M
2 − u) + 2µ21− s u
)
M¯2
+ m¯2 (M¯2 −m2 − u)
(
(M2 + µ21−) M¯
2 + µ21− (M
2 + u)
)
+µ21− (M
2 + u)
(
(M2 − u)m2 + u (−M2 + 2 s+ u)
)}
,
A5 =
g2P
u− µ20−
+ g˜2P
(
1 +
(M2 + M¯2 + u)µ21−
M2 M¯2
)
M2 + M¯2 − s− u
8µ21− (u− µ21−)
,
u = M¯2 +M2 − s+ 2 q¯ · q , (41)
where the kinematics is given by (40). We use µ0− = 1918 MeV as the average
mass of the 0− charmed mesons. The influence of the u-channel exchange
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interaction (41) on the formation of the D∗s1(2460) state is somewhat more
important than it is in the scalar sector. For f = 90 MeV and gP = g˜P = 0,
we obtain 2441 MeV, a mass which is pushed up by 5 MeV upon incorporation
of (41) with gP = g˜P = 0.57. The effect is dominated largely by the exchange
of the 1− state.
We turn to the s-channel exchange. In contrast to [13] based on the vector-
field representation of the spin-one D-mesons, there is a contribution from the
s-channel exchange of the 1− state within the tensor-field approach,
V
(1+)
s−ch(s) =
2 g˜2P
3µ21−
Cs−ch
4 s f 2
(
s− M¯2 + m¯2
) (
s−M2 +m2
)
, (42)
where the coefficients C
(I,S)
s−ch are given in Table 1. The combined effect of
(41) and (42) yields a resonance mass of 2432 MeV for f = 90 MeV and
gP = g˜P = 0.57.
We turn to the local 2-body interaction terms, considering successively the
chiral symmetry breaking and the chiral symmetric terms introduced in [13].
At chiral order Q2χ, the following terms break chiral symmetry explicitly,
Lχ−SB = −2 c1Dχ0 D¯ − (4 c0 − 2 c1) (D D¯) trχ0
+
2 c0 − c1
f 2
D D¯ tr
(
Φχ0Φ
)
+
c1
4 f 2
D
{
Φ,
{
Φ , χ0
}}
D¯
+ c˜1Dαβ χ0 D¯
αβ + (2 c˜0 − c˜1) (Dαβ D¯αβ) trχ0
−2 c˜0 − c˜1
2 f 2
Dαβ D¯
αβ tr
(
Φχ0 Φ
)
− c˜1
8 f 2
Dαβ
{
Φ,
{
Φ , χ0
}}
D¯αβ , (43)
where the matrix χ0 is defined in (8). The parameters c1 and c˜1 are determined
by the empirical mass differences of the JP = 0− and JP = 1− charmed
mesons. According to [13] we have
c1 ≃ 0.44 , c˜1 ≃ 0.47 . (44)
The parameters c0 and c˜0 could in principle be determined by unquenched
lattice QCD simulation upon studying the pion- and kaon-mass dependence
of the D-meson ground states. So far they are unknown. We construct the
effective interaction
V
(0+)
χ−SB(s) = 2
m2pi
f 2
(
c0Cpi,0 + c1C
(I,S)
pi,1
)
+ 2
m2K
f 2
(
c0CK,0 + c1CK,1
)
,
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V
(1+)
χ−SB(s) =
2
3 M¯ M
V
(0+)
χ−SB(s)
∣∣∣
ci→c˜i
+ · · · , (45)
where the dots represent higher order terms that we neglect. The coefficients
C
(I,S)
pi,0 , C
(I,S)
pi,1 , C
(I,S)
K,0 and C
(I,S)
K,1 are given in Table 1.
The chiral symmetric terms of order-Q2χ contributing to s-wave scattering are
LCT = 2 c2 + c3
f 2
D D¯ tr
(
(∂µΦ) (∂
µΦ)
)
− c3
f 2
D (∂µΦ) (∂
µΦ) D¯
−2 c˜2 + c˜3
2 f 2
Dαβ D¯
αβ tr
(
(∂µΦ) (∂
µΦ)
)
+
c˜3
2 f 2
Dαβ (∂µΦ) (∂
µΦ) D¯αβ .(46)
They imply the effective s-wave interactions
V
(0+)
CT (s) =
(
c2
C2
s f 2
+ c3
C3
s f 2
) (
s− M¯2 + m¯2
) (
s−M2 +m2
)
,
V
(1+)
CT (s) =
2
3 M¯ M
V
(0+)
CT (s) + · · · , (47)
where the dots represent again higher order terms. The coefficients C
(I,S)
2 and
C
(I,S)
3 are given in Table 1. The full effective interactions V
(0+)(s) and V (1
+)(s)
are then defined as the sums
V (s) = VWT (s) + Vu−ch(s) + Vs−ch(s) + Vχ−SB(s) + VCT (s). (48)
The number of unknown parameters, c0,2,3 and c˜0,2,3 appears large at first. A
free fit to the masses of the D∗s0(2317) and D
∗
s1(2460) states only would not
be significant. Additional constraints from QCD should be used. According to
[13], the parameters ci and c˜i are degenerate in the heavy-quark mass limit,
i.e. we expect
ci ≃ c˜i . (49)
It is reassuring that the values for c1 and c˜1 given in (44) are quite compatible
with the expectation of the heavy-quark symmetry relations (49). We consider
further constraints from QCD as they arise in the limit of a large number of
colors Nc [45]. Since at leading order in a 1/Nc expansion single-flavour trace
interactions are dominant, the corresponding couplings should go to zero in
the Nc →∞ limit, suggesting
c0 ≃ c1
2
, c2 ≃ −c3
2
, c˜0 ≃ c˜1
2
, c˜2 ≃ − c˜3
2
. (50)
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JP(I,S) 0
+
(0,1) 0
+
(0,1) 0
+
( 1
2
,0)
1+(0,1) 1
+
(0,1) 1
+
( 1
2
,0)
MR [MeV] 2317.6 2317.6 2410.5 2459.2 2459.2 2568
Γ [MeV] 0.14 0.25 2.18 0.14 0.25 18
|g1| 3.27 3.27 0.24 2.97 2.97 <0.05
|g2| 2.50 2.50 1.37 2.42 2.42 1.4
|g3| - - 2.12 - - 2.5
ǫ 0.01 0.02 0 0.01 0.02 0
Table 2
Masses, widths and coupling constants for dynamically generated 0+ and 1+ states.
The coupling constants gi corresponds to specific decay channels labeled in the
isospin basis used in [13]. We use f = 90 MeV, gP = g˜P = 0.57, c3 = 1.0, c˜3 = 1.4.
The remaining parameters are implied by the relations (44, 49, 50).
In the combined heavy-quark and large-Nc limit (49, 50), we are left with
one free parameter only, c3 = c˜3. The optimal value c3 = c˜3 = 1.2 (together
with the parameters c1 and c˜1 given by (44), gP = g˜P = 0.57 and f = 90
MeV) predicts 2330 MeV and 2448 MeV for the masses of the D∗s0(2317) and
D∗s1(2460) states respectively.
For the determination of the width parameters, it is important to reproduce
the masses accurately. We allow therefore for small variations of the parame-
ters around the heavy-quark scenario, leaving the large-Nc relations (50) un-
touched. A precise reproduction of the scalar and axial-vector state masses is
achieved with c3 = 1.0 and c˜3 = 1.4. Detailed results are collected in Table 2.
For the mixing angle ǫ = 0.01, the strong decay widths of the D∗s0(2317) and
D∗s1(2460) are both 0.14 MeV. These widths are significantly larger than the
leading order estimates discussed above. This effect is mainly a consequence
of somewhat larger coupling constants g
(0+)
ηDs
= 2.50 and g
(1+)
ηD∗s
= 2.42 given in
Table 2 (where they are denoted by g2). The sensitivity to the mixing angle
ǫ is illustrated by the 3rd and 6th row. Taking ǫ = 0.02 instead of ǫ = 0.01
leads to a strong width of 0.25 MeV rather than 0.14 MeV.
We briefly comment on the previous results of [13]. In that work a different
scenario was investigated. Using the conventional vector-field representation
of the 1− charmed mesons, it was assumed that the axial-vector resonance
D∗1(2420) was a member of the exotic sextet, predicted at leading order by
chiral coupled-channel dynamics [12,13]. The crucial question is whether chi-
ral correction terms reduce the weak attraction predicted at leading order or
possibly enhance it. This is clearly sensitive to the implementation of chiral
symmetry. For example, in [16,17] based on the broken SU(4) flavour symme-
try, the sextet states are weakly bound only and therefore quite broad. In [13]
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chiral correction terms were tuned in such a way as to pull down the exotic
axial state with (I,S) = (1
2
, 0) to match the properties of the D∗1(2420). The
invariant πD and πD∗ mass distributions as measured by the BELLE collabo-
ration [46] were used as an additional constraint. It was argued that the scalar
heavy-quark partner of the exotic axial state decouples from the πD channel
and therefore is not seen in the data. Based on the large-Nc relations, that
were not considered in [13], we would deem this scenario unlikely. In order to
compare to the large-Nc scenario advocated in the present work we included
in Table 2 the rows 4 and 7, which give the characteristics of the exotic (1
2
, 0)
states. Like in [13] the scalar state is quite narrow with a mass below the ηD
threshold. We obtain a mass and a width of 2411 MeV and 2.2 MeV respec-
tively. As seen from the coupling constants in Table 2, the state couples most
strongly to the ηD and KDs channels.
In Fig. 3 we confront the imaginary part of the πD → πD amplitude with
the invariant πD mass distribution measured by the BELLE collaboration
[46]. Such a comparison is approximate since it does not resolve the structure
of the initial state. The empirical distribution is dominated by the broad
(1
2
, 0) state, a member of an antitriplet like the D∗s0(2317), and the tensor
state D∗2(2460). The contribution of this state is illustrated by the histograms.
The possible presence of a narrow (1
2
, 0) state is not excluded by the present
data. It is interesting to observe that the exotic state leads to a dip in the
mass distribution rather than a peak. This is a consequence of the nearby ηD
channel that couples strongly to that state. With the exception of a strong
cusp effect at the K¯D threshold in the (0,−1) sector, there is no further strong
signal of any sextet state in this scenario.
A striking prediction of the large-Nc scenario is a clear measurable signal
of an exotic axial state in the ηD∗ invariant mass distribution with a mass
of 2568 MeV. It lies above the ηD∗ threshold and has a width of about 18
MeV. In Fig. 3 we confront the imaginary part of the πD∗ → πD∗ amplitude
with the invariant πD∗ mass distribution measured by the BELLE collabo-
ration [46]. The empirical distributions show two axial and one tensor states.
The contribution of the tensor state is again illustrated by the histograms. In
conventional approaches the tensor state D∗2(2460) is grouped together with
the D∗1(2420) state to form a heavy-quark multiplet. Within the hadrogen-
esis conjecture we would expect to generate that multiplet dynamically via
coupled-channel effects once the light vector mesons are considered as addi-
tional and explicit degrees of freedom. The theoretical amplitude of the present
work describes only the broad state, which has a width of about 300 MeV. In
contrast to the πD distribution shown in the left panel of Fig. 3, we do not
predict any significant signal in the πD∗ distribution that one may use to dis-
cover the exotic axial state. This reflects a coupling constant of that state to
the πD∗ channel that is almost compatible with zero. Nonetheless, the exotic
axial state could be discovered by ongoing experiments once the invariant ηD∗
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Fig. 3. Mass spectra of the (12 , 0)-resonances as seen in the πD(1867)-channel (l.h.
panel JP = 0+) and πD∗(2008)-channel (r.h. panel JP = 1+). The solid lines show
the theoretical mass distributions. The data are obtained from the B → πD(1867)
and B → π D∗(2008) decays [46]. The histograms indicate the contribution from
the J = 2 resonances D∗2(2460) as given in [46].
mass distribution is analyzed. The discovery of the scalar state would require
a measurement of the πD invariant mass with an energy resolution of a few
MeV as may be possible with the PANDA experiment at FAIR.
We close this section with the remark that very similar results are obtained
with the vector-field representation once the parameters are chosen in ac-
cordance with the expectation of large-Nc QCD rather than with the fitting
procedure recalled above [13,47].
3 Electromagnetic interactions
To compute the radiative decay of the scalar and axial-vector states gene-
rated in the last section we need to couple the photon to the hadronic fields,
ensuring consistency with the U(1) gauge symmetry of electromagnetic inter-
actions. We consider first the electromagnetic interactions obtained by gauging
the hadronic interactions of Section 2. We add terms involving Goldstone and
D-meson fields which are separately gauge-invariant and of chiral order Q2χ.
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Such terms are not sufficient to reproduce the available data satisfactorily. We
introduce an additional 4-point vertex of order Q3χ to evaluate the need to in-
clude higher chiral orders. With such a term, the data on the radiative decays
of the D∗s0(2317) and D
∗
s1(2460) mesons can be understood at the expense of
an unnaturally large value for the coupling constant of the term of order Q3χ.
We expect this result to reflect the effectiveness of the underlying theory and
more precisely the absence of light vector mesons in the dynamics of radia-
tive transitions. We introduce them as additional explicit degrees of freedom
and will indeed find that this leads to natural values of all the parameters,
justifying a posteriori this extension of the theory. Light vector mesons are
not included in the coupled-channel part of this work but should become part
of that scheme in a later stage to study the formation of tensor states, in
particular the low-lying 2+ state expected at 2573 MeV.
We gauge the hadronic Lagrangians (6, 24, 37) using the covariant derivatives
∂µΦ + i e [Q,Φ]Aµ , ∂µD + i eDQ
′Aµ , (51)
where e = |e| and the charge matrices are defined by
Q =


2
3
0 0
0 −1
3
0
0 0 −1
3

 , Q
′ =


0 0 0
0 1 0
0 0 1

 . (52)
The radiative decays of the D∗s0(2317) and D
∗
s1(2460) mesons will involve only
3-point and 4-point vertices. Gauging 4-point vertices, such as the Weinberg-
Tomozawa terms in (6) and (24) or the chiral correction terms (46), would lead
to 5-point vertices of no relevance. The kinetic terms in (6) and (24) imply
the 3-point couplings
Le.m. = i e
2
Aµ tr
(
(∂µΦ) [Q, Φ]−
)
+ i e Aµ
(
DQ′(∂µ D¯)− (∂µD)Q′ D¯
)
− i e AµDµν Q′ (∂βD¯βν) + i e Aµ (∂αDαν)Q′ D¯µν . (53)
Given the interactions (6, 24, 53) only, the electromagnetic decay amplitudes
0+ → γ 1− and 1+ → γ 0− or γ 1− are zero identically as already noted in [48].
These decay processes probe on the other hand the 3-point hadronic vertices
introduced in (37). The importance of these terms in determining decays con-
trasts with the minor role they play for the formation of the D∗s0(2317) and
D∗s1(2460) states. The gauging of the interaction (37) yields the terms
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Le.m.=− e gP
f
{
Dµν [Q,Φ]Aµ (∂
νD¯)− (∂νD) [Q,Φ]Aµ D¯µν
}
+
e gP
f
{
Dµν (∂
µΦ)Aν Q′ D¯ + AνDQ′ (∂µΦ) D¯µν
}
+ i
e g˜P
4 f
ǫµναβ
{
Dµν [Q,Φ]Aα (∂
τ D¯τβ) + (∂
τDτβ) [Q,Φ]Aα D¯µν
}
− i g˜P
4 f
ǫµναβ
{
Dµν (∂αΦ)A
τ Q′D¯τβ −Aτ Dτβ Q′ (∂αΦ) D¯µν
}
. (54)
These terms are part of the gauge-invariant vertex associated with a leading
chiral power Qχ, hence showing that the standard counting scheme requires
the photon field Aµ to be of order Qχ.
We construct the chiral correction terms of order Q2χ. They are gauge-invariant
separately as they involve the electromagnetic field strength tensor Fµν (of
chiral order Q2χ). Terms of a similar structure were discussed previously, for
example in [48], using a Lagrangian where massive spin 1 fields were described
in the vector representation. Clearly the Lorentz structure of these terms will
be different in our case.
Chiral correction terms of order Q2χ describe anomalous processes. A photon
hitting a pseudoscalar charmed meson may convert the latter into its heavy-
quark partner, a charmed vector meson. In the absence of such processes the
decay amplitudes D∗ → γ D andD∗s → γ Ds would vanish identically, contrary
to experiment. The leading order anomalous vertex should be of the form
Le.m. = 1
2M2V
F µν ǫµναβ
{
(∂τD
τβ)
(
eC + eQQ
)
(∂αD¯)
+ (∂αD)
(
eC + eQQ
)
(∂τ D¯
τβ)
}
. (55)
The vertices (55) carry the leading chiral power Q2χ [48,49,50]. The radiative
decay properties of the charmed vector mesons suggest (see Appendix A)
eQ = 0.91± 0.10 , eC = 0.13± 0.05 . (56)
The values of eQ and eC given in (56) reproduce the empirical branching ratios
of the D∗− → D− γ and D∗0 → D0 γ decays. The data on the D∗s → Ds γ
and D∗s → Ds π0 suggest the smaller value eQ ≃ 0.52 (see Appendix A). The
anomalous interaction (55) by itself is at odds with the heavy-quark symmetry
of QCD which relates the interactions of pseudoscalar and vector D-mesons.
Additional terms are required for consistency to parameterize the magnetic
moments of the charmed vector mesons. They read
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Le.m. = i
M2V
F µν (∂αDαµ)
(
eQ′ − e˜C + e˜QQ
)
(∂βD¯βν) . (57)
The parameters e˜C and e˜Q are related to the magnetic moments of the charmed
vector mesons by [41,42,43]
µD∗
0
=
MD∗
0
2M2V
(
e˜C − 2
3
e˜Q
)
, µD∗
+
=
MD∗
+
2M2V
(
e˜C +
1
3
e˜Q
)
,
µD∗s =
MD∗s
2M2V
(
e˜C +
1
3
e˜Q
)
. (58)
At present there is no empirical information on these magnetic moments of
help to determine the values of e˜C and e˜Q. Note that the term proportional to
Q′ in (57) cancels a corresponding contribution which is implied by minimally
gauging the kinetic term (53).
It is instructive to interpret the result (58) in terms of the constituent quark
model. The contribution from e˜C reflects the magnetic moment of the charm
quark. It is SU(3) flavour-blind. In the heavy-quark mass limit, the parameter
e˜C approaches a constant. In contrast, the term proportional to e˜Q models
the contribution of the magnetic moment of the light quark. It is flavour-
dependent, being proportional to the charge matrix of the light quarks Q. In
the heavy-quark mass limit, e˜Q scales linearly with the charm quark mass.
To leading order, the parameters e˜C and e˜Q are related to eC and eQ by (see
Appendix B)
eQ = e˜Q , eC = e˜C . (59)
We emphasize that the two sets of terms (55) and (57) are the only chiral
corrections to the leading order Lagrangian at order Q2χ. It does not appear
possible to fit the data on the D∗s0(2317) and D
∗
s1(2460) radiative decays with
these electromagnetic terms together with the Lagrangians (53) and (54) (see
Section 6 for details). This suggests that higher order terms should be consi-
dered. We introduce an additional term involving one Goldstone boson field
and proportional to Fµν and to the charge matrix Q of the light quarks (ex-
pected to be dominant in the heavy-quark mass limit [48]),
Le.m.= eP
f m2V
F µν
{
Dµα [(∂νΦ), Q] (∂
αD¯)− (∂αD) [(∂νΦ), Q] D¯µα
}
− i e˜P
4 f m2V
Fµν ǫ
στµβ
{
Dστ [(∂
νΦ), Q] (∂αD¯αβ)
+ (∂αDαβ) [(∂
νΦ), Q] D¯στ )
}
. (60)
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The heavy-quark symmetry predicts the relation (see Appendix B)
eP = e˜P . (61)
One expects |eP | ∼ e ≃ 0.303. According to standard counting rules the
vertices (60) carry the leading chiral power Q3χ. It should be emphasized,
however, that the counting rules depend on a naturalness assumption, i.e.
that the dimensional parameters of the effective Lagrangian density scale with
appropriate power of the chiral symmetry breaking scale 4π f ≃ 1131 MeV (or
more pragmatically with the mass mV of the lightest degree of freedom that
is integrated out). This is the rationale behind the particular representation
of the vertex (60) in terms of the dimensionless parameters eP and e˜P . One
may assign the vertex (60) the order Q2χ. On a formal level that would justify
to consider the effect of (60) while neglecting additional hadronic vertices of
chiral order Q3χ, such as the SU(3) flavour breaking effects in the coupling of
the Goldstone bosons to the D mesons (see (37)).
There is no empirical estimate available of the size of eP and e˜P , in particular
no data on the three-body decay processD∗+ → γ π+D0 sensitive to eP . These
parameters have therefore to be determined indirectly. We shall see in the
section on numerical results that the magnitude of the parameter eP is larger
than expected from the naive naturalness assumption if we try to reproduce
the data with the effective Lagrangian derived above. Such a phenomenon is
not unusual in effective field theories, though asking for a physical explanation.
We assume that the size of eP is a manifestation of the need to incorporate
additional degrees of freedom, the most natural ones being the light vector
mesons. Once they are incorporated one expects the fitted value of eP to
reduce significantly. We take this as a motivation to explore the role played by
the light vector mesons in the radiative decays of the D∗s0(2317) and D
∗
s1(2460)
states.
3.1 Light vector mesons
For the light vector mesons, there is no well-defined chiral power counting
scheme to the authors’ knowledge, at least for the case of virtual vector mesons.
The treatment of these degrees of freedom is therefore more phenomenological
than the chiral expansion approach used for Goldstone bosons and heavy-light
mesons. The 3-point electromagnetic vertex probed when considering the light
vector mesons is the anomalous process analogous to (55) where a photon
excites a Goldstone boson into a vector meson. It reads
Le.m. = eA
8 f mV
F µν ǫµναβ tr
(
(∂αΦ) [Q, ∂τV
τβ]+
)
, (62)
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where we use the representation
Vµν =


ρ0µν + ωµν
√
2 ρ+µν
√
2K+µν√
2 ρ−µν −ρ0µν + ωµν
√
2K0µν√
2K−µν
√
2 K¯0µν
√
2φµν

 . (63)
The particular form (62) is equivalent to the anomalous photon coupling used
for example in [51]. From the radiative decays of the light vector mesons con-
sidered in Appendix A, one derives conflicting values for the parameter eA.
A quantitative description requires the inclusion of SU(3) flavour breaking
effects. Only three processes, K∗0 → K0γ,K∗± → K±γ and φ→ ηγ, are rele-
vant for the radiative decays of the D∗s0 and D
∗
s1 states. We will include SU(3)
breaking by using the phenomenological couplings obtained in Appendix A
for each of these processes,
|e(K∗0→K0γ)A | = 0.119± 0.006 , |e
(K∗
±
→K±γ)
A | = 0.090± 0.004 ,
|e( φ → η γ )A | = 0.053± 0.001 . (64)
The anomaly vertex (62) can contribute to the radiative decays of the D∗s-
mesons only in the presence of additional hadronic 3-point vertices. The light
vector meson that is created by the photon must be absorbed by a heavy
meson. The corresponding interaction is constructed by analogy with (37),
L= i gV
2 f
{
D (∂αV
αµ) (∂µD¯)− (∂µD) (∂αV αµ) D¯
}
− i g˜V
2 f
{
Dµν (∂αVαµ) (∂
βD¯βν)− (∂βDβν) (∂αVαµ)D¯µν
}
+
g˜T
4 f
ǫµναβ
{
(∂αD) Vµν (∂
τ D¯τβ) + (∂
τDτβ) Vµν (∂αD¯)
}
+ i
gT
2 f
(∂αDαµ) V
µν (∂βD¯βν)
+
gE
4 f
ǫµναβ
{
Dµν (∂τV
τβ) (∂αD¯) + (∂αD) (∂τV
τβ) D¯µν
}
. (65)
The electromagnetic terms implied by the covariant derivatives (51) should
be added. The particular form of (65) was guided by the Lagrangian (37) and
the flavour SU(4) limit. We complement (65) by additional electromagnetic
interactions analogous to (60),
L= eV
2 f m2V
F µν
{
D [(∂αV
αν), Q] (∂µD¯)− (∂µD) [(∂αV αν), Q] D¯
}
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− e˜V
2 f m2V
F µν
{
Dµτ [(∂αV
αν), Q] (∂βD¯
βτ )− (∂βDβτ) [(∂αV αν), Q] D¯µτ
}
− i e˜T
4 f m2V
F µν ǫµσαβ
{
(∂αD) [V σν , Q] (∂τ D¯
τβ)
+(∂τD
τβ) [V σν , Q] (∂
αD¯)
}
+
eT
2 f m2V
F µν (∂αDαµ) [V
ντ , Q] (∂βD¯βτ )
− eE
f m2V
F µν (∂αD) {Vµν , Q} (∂αD¯)
+
e˜E
f m2V
F µν (∂αD
ατ ) {Vµν , Q} (∂βD¯βτ ) . (66)
The hadronic vertices (37, 65) should also have some impact on the forma-
tion of the molecules based on the leading orders coupled-channel interaction.
The influence of the parameters gP and g˜P was studied in [13] and in Section
2.3. Their effects on the mass were found to be rather minor, confirming the
expectation that the corresponding interactions are of subleading order in a
chiral expansion. Nevertheless, this issue deserves further studies. In particu-
lar, the role played by additional inelastic channels involving the light vector
mesons should be worked out. We anticipate that they are responsible for the
formation of tensor molecules. We will return to this issue in the next section.
The various parameters in (65, 66) are correlated by the heavy-quark symme-
try of QCD. As shown in Appendix B, one expects
g˜V = gV , g˜T = gT ,
eV = e˜V , eT = e˜T , eE = e˜E , (67)
at leading order. The size of gV and g˜V can be estimated by the phenomeno-
logical assumption of universally coupled light vector mesons and the KSFR
relation to be
gV = g˜V =
g f
mV
=
±1√
2
≃ ±0.71 , (68)
with the universal vector coupling constant |g| ≃ 6 [52]. The phase of the
coupling constant gV is not determined by this assumption.
The estimate of the size of the coupling constants gT and gE is more difficult.
While lacking QCD lattice simulations, we may use a flavour SU(4) ansatz, ad-
mittedly a rather rough and questionable tool. In order to do so, we introduce
flavour SU(4) multiplet fields
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V µν[16] =

 V µν 0
0 0

+

 0
√
2 D¯µν
√
2Dµν J/ψ

 ,
Φ[16] =

Φ 0
0 0

+

 0
√
2 D¯
√
2D ηc

 , (69)
in terms of the SU(3) multiplet fields Φ, D and Vµν , Dµν . We construct a
minimal SU(4) invariant Lagrangian density that comprises the interaction
terms introduced in (37, 65),
LSU(4) = g1
4 f
ǫµναβ tr (∂
αΦ[16])
{
Vµν[16] (∂τV
τβ
[16]) + (∂τV
τβ
[16]) V
µν
[16]
}
+
i g2
4 f
tr (∂αV
αµ
[16]) V
[16]
µν (∂βV
βν
[16])−
i g3
2 f
tr (∂µΦ[16]) V
µν
[16] (∂νΦ[16]) .(70)
The ansatz (70) suggests the identification
g˜T = gE = g˜P = g1 , g˜V = gT = g2 , gV = gP = g3 . (71)
The result (71) deserves and requires some discussion. We observe that ac-
cording to (39, 67) the coupling constants gi with i = 1, 2, 3 in (70) should
approach a universal value in the heavy-quark mass limit, for instance the
parameters gP and gV . Confronted with the values (38) and (68), this expec-
tation appears verified within less than 20%. However, the result (71) would
predict also a common value for gP and gT . We point out that this implication
is troublesome: whereas gP approaches a finite value, the parameter gT must
vanish in the heavy-quark mass limit. This is an immediate consequence of
the fact that the QCD action is linear in the charm quark mass. While the
term proportional to gP involves one derivative acting on a heavy field, the
term proportional to gT involves two. It is therefore clear that we must not use
the relations (71) as they stand. From (71) we retain only the predicted phase
relations for the coupling constants, i.e. we assume all coupling constants to
take positive values. In addition, for the unknown parameter gE, we would
anticipate the range
gP ≤ gE ≤ gV , (72)
a conjecture consistent with the expected scaling behaviour at large charm-
quark masses. The estimate of the remaining parameters gT ≃ g˜T is most
uncertain. From (71) we would expect the range
0 ≤ gT ≤ mV
MV
gP , (73)
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with mV = 776 MeV and MV = 2000 MeV representing the typical masses of
light and heavy vector meson.
3.2 Radiative decay of molecules
We display in Fig. 4 the various graphs contributing to the radiative decay
of the D∗s0(2317) and D
∗
s1(2460) states which are linear in the hadronic three-
point vertices. The D∗s0 and D
∗
s1 mesons generated by coupled-channel dyna-
mics appear as blocks, the sum of the bubble diagrams defining the effective
propagator of the resonance state. It is drawn as a double line. The dynamics
of the decay is contained in a single loop. Solid lines represent the propagation
of the pseudoscalar or vector mesons. The thin lines stand for the light mesons
and the thick lines for the heavy mesons. The wavy line is the photon.
We display in Fig. 5 two-loop diagrams which, at first sight, should be relevant
for the radiative decay width of scalar and axial-vector molecules. The figure
shows contributions where the photon couples to the resonance directly. We do
not resolve the structure of the vertex since these diagrams vanish identically.
This is an immediate consequence of using the tensor-field representation of
the spin one particles. Consider for instance the decay of a scalar molecule,
where the final state carries JP = 1− quantum numbers. All diagrams in
Fig. 5 factorize into two contributions. Since the left part is contracted with
the antisymmetric wave function of the 1− state, it vanishes identically. This
contribution carries indeed the two indices α and β and depends on one 4-
momentum only, the 4-momentum of the final state. It must be symmetric in
the indices α and β and therefore vanishes if contracted with the wave func-
tion. Analogous arguments hold for the decay modes of axial-vector molecules.
There are two possibilities. If the final state carries JP = 0− quantum num-
bers, the antisymmetric and outgoing indices of the intermediate axial-vector
Fig. 4. Single-loop diagrams contributing to the decay amplitude of a scalar or
axial-vector molecule (see text).
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Fig. 5. Two-loop diagrams contributing to the decay width of scalar and axial-vector
molecules where the photon couples to the resonance directly (see text). These terms
vanish identically in the tensor representation of massive vector particles.
propagator are contracted necessarily with the 4-momentum of the final state.
If the final state carries JP = 1− quantum numbers, the final 3-point vertex
involves the antisymmetric tensor ǫµναβ due to parity conservation. At least
two indices must be saturated by the 4-momentum of the 1− Ds-meson.
A striking conclusion of our discussion is that the radiative decay of a scalar
or axial-vector molecule is determined fully by an effective hadronic resonance
vertex. The detailed structure of the resonance propagator is not probed. We
emphasize that this is a consequence of using the tensor-field representation
of spin-one particles. The application of the vector-field representation would
require a detailed study of the resonance propagator. This could be quite
cumbersome. In particular, enforcing gauge invariance is highly non-trivial.
Our observation implies that even in the presence of the additional coupled-
channel interactions (37, 65), the formal evaluation of the diagrams of Fig. 4
would be unchanged.
Because of the particular structure of the decay diagrams, it is useful to in-
troduce flavour triplet fields, R and Rµν , which interpolate the scalar and
axial-vector molecules. All what is needed are the coupling strengths of the
molecules to the hadronic final states. We introduce the effective coupling
constants gR and g˜R,
LR = − gR
2 f
{
(∂µD) (∂
µΦ) R¯ +R (∂µΦ) (∂µD¯)
}
− i g˜R
2 f
{
Dµν (∂µΦ) (∂
τ R¯τν)− (∂τRτν) (∂µΦ) D¯µν
}
, (74)
where we do not write explicitly terms linear in the photon field that are re-
quired by gauge invariance. We may add terms involving the electromagnetic
field strength tensor Fµν that are gauge-invariant separately. Like the parame-
ters gR and g˜R, the structure and size of these terms have to be extracted from a
coupled-channel computation. As will become clear in the subsequent section,
the role of such terms is very minor. Within our renormalization scheme such
contributions vanish identically for the particular choice where the matching
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scale µM and the mass of the hadronic final state are degenerate. This de-
generacy is almost realized. For on-shell conditions, the first vertex of (74) is
equivalent to a vertex of the generic form DΦ R¯ as implied by the projector
technique described in Section 2.1. This follows from the replacement
2 (∂µD) (∂
µΦ) R¯→ DΦ (∂µ∂µR¯)− (∂µ∂µD) Φ R¯−D (∂µ∂µΦ) R¯ . (75)
In general the two vertices would give different results in one-loop diagrams.
Within our renormalization scheme discussed in the next subsection, the ver-
tices are equivalent. The corresponding decay amplitudes coincide up to terms
that may be generated by effective molecule vertices involving Fµν . As ar-
gued above such terms vanish identically for the particular choice where the
matching scale µM is identified with the mass of the hadronic final state. An
analogous argument shows the equivalence of the second vertex of (74) with
the generic form (∂αD
ατ ) Φ (∂β R¯βτ ) implied in Section 2.2. This vertex leads
to the form (27) of the scattering amplitude for JP = 1+.
At leading order the magnitude of the parameters gR and g˜R are determined by
the coupling constants as extracted from the pole structure of the scattering
amplitude (see (18, 35)). We identify
gR =
4
√
2 f M0+
M20+ −M2D −m2K
g
(0+)
KD =
4
√
6 f M0+
M20+ −M2Ds −m2η
g
(0+)
ηDs
,
g˜R =
4
√
2 f MD∗
M21+ −M2D∗ −m2K
g
(1+)
KD∗ =
4
√
6 f MD∗s
M21+ −M2D∗s −m2η
g
(1+)
ηD∗s
. (76)
As detailed in Appendix B, heavy-quark symmetry predicts
gR = g˜R , (77)
at leading order. While (77) is realized quite accurately, the SU(3) flavour
breaking effects in the coupling constant gR and g˜R are sizeable as can be
inferred from the values given in Table 2. The relation (77) is satisfied at the
10 % level
g˜R
gR
≃ 0.986 g
(1+)
KD∗
g
(0+)
KD
≃ 0.989 g
(1+)
ηD∗s
g
(0+)
ηDs
. (78)
In contrast, the SU(3) relations
gR ≃ 0.720 g(0+)KD ≃ 1.710 g(0+)ηDs , g˜R ≃ 0.710 g(1+)KD∗ ≃ 1.691 g(1+)ηD∗s , (79)
33
are violated at the 95% level. The value gR ≃ 4.28 derived from the ηDs
channel with f = 90 MeV is almost a factor of two larger than the value
obtained from the KD channel.
Before turning to the renormalization issue, we discuss additional resonance
vertices involving light vector mesons. The latter arise necessarily in a coupled-
channel computation once any of the parameters gV , g˜V , gT , g˜T or gE is non-
vanishing. Though we are not presenting results of such a computation, we
study the relevance of light vector meson in radiative decay processes of scalar
and axial-vector molecules. We introduce the effective resonance vertices (lea-
ving out additional terms linear in the photon field required by gauge invari-
ance)
LR = gH
2 f
{
R (∂τVτν) (∂µD¯
µν) + (∂µD
µν) (∂τVτν) R¯
}
+ i
g˜H
2 f
{
(∂µRµν) (∂τV
τν) D¯ −D (∂τV τν) (∂µR¯µν)
}
− gˆH
4 f
ǫαβµν
{
(∂σRσµ) (∂
τVτν) D¯αβ +Dαβ (∂
τVτν) (∂
σR¯σµ)
}
, (80)
where the parameters gH , g˜H and gˆH are unknown at this stage and degenerate
in the heavy-quark limit. As worked out in Appendix B, we have indeed
gH = g˜H = gˆH . (81)
For the axial-vector molecules, additional vertices that are not on-shell equi-
valent to those of (80) may be constructed. Such terms are suppressed by
their d-wave phase-space behaviour. The presence of the vertices (80) leads to
additional diagrams contributing to the radiative decay amplitudes of scalar
and axial-vector molecules. Such diagrams are part of Fig. 4 given the meaning
of the solid lines which represent the propagation of either pseudoscalar or
vector mesons.
3.3 Renormalization
We finally turn to the renormalization issue. The decay diagrams are ul-
traviolet divergent. Applying the Passareno-Veltman reduction [53], which is
rigourously justified within dimensional regularization, the integrals of Fig. 4
may be expressed in terms of a set of scalar integrals of the form
Ia = −i
∫ d4l
(2π)4
Sa(l) , Sa(l) =
1
l2 −m2a + i ǫ
,
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Iab = −i
∫
d4l
(2π)4
Sa(l)Sb(l + p) , I¯ab = −i
∫
d4l
(2π)4
Sa(l)Sb(l + p¯) ,
Jabc = +i
∫
d4l
(2π)4
Sa(l)Sb(l + q)Sc(l + p) ,
J¯abc = +i
∫
d4l
(2π)4
Sa(l)Sb(l + p¯)Sc(l + p) , (82)
where we focus on the physical limit with space-time dimension four. In our
convention the 4-momentum pµ characterizes the decaying molecule, qµ is the
4-momentum of the photon and p¯µ = pµ − qµ is the 4-momentum of the
hadronic final state. The quantities defined in (159)are evaluated in Appendix
C.
Divergent structures arise only from the tadpole integral Ia and the two-
propagator integrals Iab and I¯ab. Since the combinations
Iab − I¯ab , Iab − Ib − Ia
m2a −m2b
, (83)
are finite as space-time dimension approaches four, one may take the viewpoint
that all divergent structures are caused by the tadpole integral Ia (see also
[54]).
Any divergent contribution can not be renormalized by simply adding a counter
vertex where the photon couples directly to the resonance. Since the resonance
is formed by coupled-channel dynamics its radiative decays amplitude must
be renormalized by a loop subtraction mechanism similar to the one intro-
duced in [55]. This is illustrated in Fig. 6. Typically the counter terms needed
are appropriate 5-point vertices as indicated in Fig. 6 by an solid square. A
contribution to the radiative decay amplitude is generated by contracting two
identical lines giving rise to a tadpole-type contribution. The latter have to
cancel the tadpole contributions from Fig. 4 as discussed above.
There is yet another important observation to make. In Fig. 4 the integral
arising from the second and fourth diagrams have a structure similar to the
Fig. 6. Examples of counter loop contributions that renormalize the decay amplitude
of molecules.
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loop functions that build up the resonance state. Therefore the renormaliza-
tion of the coupled-channel dynamics and of the radiative-decay amplitude
are necessarily related. Since the coupled-channel dynamics involves an infi-
nite number of Feynman diagrams, one has to leave the well-trotted path of
perturbative renormalization, i.e. infinite sets of counter terms present in ef-
fective field theories have to be introduced at each order. We emphasize that
one should carefully discriminate two issues. First, the renormalization scale
independence of a scattering amplitude and second, a possible scheme depen-
dence of how the infinite number of diagrams are treated. We point out that
the application of the on-shell reduction formalism developed in [55,33,11],
as is implied by the unique existence of an algebra of covariant projectors,
may be considered as a scheme dependence. The additional ingredient, the
requirement of a smooth matching of scattering amplitudes unitarized in dif-
ferent channels, can be considered again as a scheme dependence. It is an
economical, though not unique, procedure to build crossing symmetry into
the scheme. From this point of view the matching parameter µM in (14, 29)
reflects a scheme dependence, not a renormalization scale dependence.
As a consequence of the on-shell reduction formalism our coupled-channel
dynamics is based on, neither the effective potential V (JP )(s) nor the loop
functions J (JP )(s) gain any contribution at leading order from a tadpole-type
loop integral Ia. Using the leading order two-body interaction as the driving
force of a Bethe-Salpeter equation would introduce plenty of tadpole contri-
butions [33,11]. As was discussed in great detail in [33,11], the contribution of
reduced tadpoles can be trusted only at a level where one computes one-loop
corrections to the Bethe-Salpeter interaction kernel, i.e. for two-particle irre-
ducible diagrams. While for the latter conventional power-counting arguments
are applicable, they are not for the reducible contributions, i.e. those summed
by the unitarization.
Closing our chain of arguments, we arrive at the result that reduced tadpole
contributions in the decay amplitude should be dropped in our leading order
computation. In addition a finite renormalization is applied to the integral Iab.
It is identified with the expression introduced in (15) with
Iab = I(p
2)− I(µ2M) , ma =M , mb = m, (84)
and the matching scale µM used in the coupled-channel computation.
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4 Radiative decay of scalar molecules: D∗s0(2317)→ γ D∗s(2112)
We express the partial decay width Γ0+→γ 1− of the D∗s0(2317)-meson in terms
of the transition amplitudesMαβ,µ0+→γ 1− . Due to gauge invariance, the transition
tensor is characterized by a single number d0+→γ 1− defined by
ǫ†µ(q, λq) ǫ
†
αβ(p¯, λp¯)M
αβ,µ
0+→γ 1−
= d0+→γ 1− ǫ
†
µ(q, λq) ǫ
†
αβ(p¯, λp¯)
{
gµα (p · q)− pµ qα
} i p¯β√
p¯2
, (85)
where ǫµ(q, λq) and ǫαβ(p¯, λp¯) denote the wave functions of the outgoing photon
and vector meson and pµ = p¯µ + qµ the decaying resonance momentum. The
radiative width reads
Γ0+→ γ 1− =
|d0+→γ 1− |2
4π
(
M20+ −M21−
2M0+
)3
, (86)
with M21− = p¯
2 and M20+ = p
2. The decay parameter can be obtained by the
projection formula,
d0+→ γ 1− =
−i
(p · q)M1−
{
gµα − pµ qα
(p · q)
}
p¯βM
αβ,µ
0+→ γ 1− , (87)
since the decay amplitude is transverse with respect to the photon momen-
tum and antisymmetric in the indices α ↔ β. This implies that the off-shell
amplitude p¯βM
αβ,µ is orthogonal to qµ and p¯α, i.e. is characterized by two
parameters only. With (87) we project onto the relevant component.
There are 5 classes of contributions as shown in Fig. 4. All terms have the
topology of a one-loop Feynman diagram. A given contribution is either pro-
portional to the coupling constant gR or gH . The thin line attached to the
resonance vertex represents the propagation of a pseudoscalar (gR) or a vector
meson (gH) and the thick line the propagation of a heavy meson. The outgoing
line represents a vector D∗s meson.
It is convenient to group together diagrams that are gauge-invariant separately.
We discuss the various contributions proportional to the coupling constant gR.
We consider first the terms of class 2) in Fig. 4. They are proportional to e gP/f
and involve two types of tensors. We form two gauge-invariant combinations
with the transverse tensors Aαβ,µ(p¯, p) and Bαβ,µ(p¯, p), receiving respectively
contributions from diagrams of classes 1) + 2) and 2) + 3) of Fig. 4. The
tensors Aαβ,µ(p¯, p) and Bαβ,µ(p¯, p) describe the processes where the photon
couples to the charge of the light or of the heavy pseudoscalar meson,
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Aαβ,µab (p¯, p) = −i
∫
d4l
(2π)4
Sa(l)Sb(p+ l)
×
{
Sa(l + q) (q + 2 l)
µ p¯α (p+ l)β + gµα (p+ l)β
}
,
Bαβ,µab (p¯, p) = +i
∫ d4l
(2π)4
Sa(l)Sb(p+ l)
×
{
Sb(p¯+ l) (p¯+ p+ 2 l)
µ p¯α (p¯+ l)β + gµβ lα
}
, (88)
with
Sa(p) =
1
p2 −m2a
. (89)
We note that for technical simplicity the tensors (88) are constructed with an
effective molecule vertex of the generic form DΦ R¯ as implied by the on-shell
reduction technique applied in the coupled-channel computation of Section
2.1. This is the reason why diagrams of class 4) do not contribute to the
expressions (88). The latter are associated with a process where the photon is
emitted from a hadronic 3-point vertex involving the resonance field.
The contributions implied by the interactions involving the electromagnetic
field strength tensor Fµν are proportional to the anomalous coupling strengths
eA, eQ, eC of (62, 55) or the parameter eP of (60). The terms proportional to
eP/(f m
2
V ) probe the class 2) of Fig. 4 only. Their effect is encoded into the
transverse tensor A¯αβ,µ(p¯, p),
A¯αβ,µab (p¯, p) = −i
∫
d4l
(2π)4
Sa(l)Sb(p+ l)
{
(q · l) gµα − lµ qα
}
(p+ l)β .(90)
Additional tensors Cαβ,µ(p¯, p) and C¯αβ,µ(p¯, p) describe the processes belonging
to the diagrams of class 1) where the Goldstone boson, which emits the photon,
is converted into a light vector meson. They are proportional to the parameter
combinations eA g˜T/f
2 and eA g˜E/f
2 respectively. We introduce
Cαβ,µabc (p¯, p) = −i
∫
d4l
(2π)4
Sa(l)Sc(p+ l)
×2 qρ lσ ǫρµστ p¯α (p+ l)ρ¯ ǫ βσ¯τ¯ ρ¯ Sσ¯τ¯ ,τb (l + q) ,
C¯αβ,µabc (p¯, p) = −i
∫
d4l
(2π)4
Sa(l)Sc(p+ l)
×2 qρ lσ ǫρµστ (p+ l)ρ¯ ǫαβρ¯σ¯ Sσ¯τb (l + q) , (91)
where
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Sµνa (p) = pα S
αµ,βν
a (p) pβ ,
Sµν,αβa (p) = −
1
m2a
1
p2 −m2a + i ǫ
[
(m2a − p2) gµα gνβ
+gµα pν pβ − gµβ pν pα − (µ↔ ν)
]
,
Sµ,βνa (p) = pα S
αµ,βν
a (p) , S
αµ,ν
a (p) = S
αµ,βν
a (p) pβ . (92)
Anomalous processes analogous to those described by the tensors (91) are
driven by the parameters eQ and eC . In this case the photon is emitted by
a pseudoscalar D-meson, which is converted into a vector D-meson. The con-
tribution is included in class 3) of Fig. 4. We define the corresponding loop
tensor
Dαβ,µabc (p¯, p) = +i
∫
d4l
(2π)4
Sa(l)Sc(p+ l) (93)
×2 qρ (l + p)σ ǫρµσ τ
{
lρ¯ ǫ
αβρ¯
τ¯ S
τ¯ τ
b (p¯+ l) − p¯α lρ¯ ǫ βσ¯τ¯ ρ¯ Sσ¯τ¯ ,τb (p¯ + l)
}
.
We emphasize that each of the tensor integrals introduced in (88, 90, 91, 93) is
gauge-invariant separately, i.e. vanishes identically if contracted with qµ. This
was checked by explicit calculations.
Collecting all contributions from the KD and η Ds channels, we arrive at the
following decay amplitude,
iMαβ,µ0+→γ 1− = −
e gP
f
h
(0+)
KD
{
Aαβ,µKD (p¯, p) +B
αβ,µ
KD (p¯, p)
}
− eP
f m2V
h
(0+)
KD A¯
αβ,µ
KD (p¯, p)− 2
e gP√
3 f
h
(0+)
ηDs
Bαβ,µηDs (p¯, p)
+
eA
48 f 2mV
h
(0+)
KD
{
g˜T C
αβ,µ
KK∗D(p¯, p) + gE C¯
αβ,µ
KK∗D(p¯, p)
}
+
eA√
3 12 f 2mV
h
(0+)
ηDs
{
g˜T C
αβ,µ
ηφDs
(p¯, p) + gE C¯
αβ,µ
ηφDs
(p¯, p)
}
+
g˜P
4 f M2V
{ 2√
3
3 eC − eQ
6
h
(0+)
ηDs
Dαβ,µηD∗sDs(p¯, p)
+
6 eC + eQ
6
h
(0+)
KD D
αβ,µ
KD∗D(p¯, p)
}
, (94)
where exact isospin symmetry is assumed with the coupling constant
h
(0+)
KD =
√
2M0+ g
(0+)
KD ↔
M20+ −M2D −m2K
2 f
gR ,
h
(0+)
ηDs
=
√
2M0+ g
(0+)
ηDs
↔ M
2
0+ −M2Ds −m2η
2
√
3 f
gR . (95)
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The values of the coupling constants g
(0+)
KD and g
(0+)
ηDs
are given in Table 2.
Note that the tensors introduced in (88, 90, 91, 93) are not antisymmetric
in the indices α ↔ β as of notational convenience. While deriving the decay
parameter d0+→γ 1+ according to (85), the wave-function projects onto the re-
levant component, the application of the projection formula (87) requiring an
explicit antisymmetrization.
The contributions of the φD∗s and K
∗D channels to the decay parameter as
well as explicit results for the Passareno-Veltman reduction of the tensor inte-
grals of (94) are detailed in Appendix D. Such contributions are proportional
to gH .
5 Radiative decay of axial-vector molecules
We derive expressions for the radiative decay amplitudes of the D∗s1(2460)-
meson corresponding to the processes 1+ → γ 0−, 1+ → γ 0+ and 1+ → γ 1−.
We follow the same procedure as in the previous section for the D∗s0(2317)
radiative decay, adjusting the tensor forms to the hadronic initial and final
states.
5.1 D∗s1(2460)→ γ Ds(1968)
The partial decay width Γ1+→γ 0− is expressed in terms of the transition am-
plitudes Mµ,αβ1+→γ 0− determined by one number d1+→ γ 0− as
ǫ†µ(q, λq)M
µ,αβ
1+→ γ 0− ǫ
αβ(p, λp)
= d1+→ γ 0− ǫ
†
µ(q, λq)
{
gµα (p¯ · q)− p¯µ qα
} pβ√
p2
ǫαβ(p, λp) , (96)
implying
Γ1+→ γ 0− =
|d1+→ γ 0− |2
12π
(
M21+ −M20−
2M1+
)3
,
d1+→ γ 0− =
1
(p · q)M1+
{
gµα − pµ qα
(p · q)
}
pβM
µ,αβ , (97)
with p¯2 = (p− q)2 = M20− and p2 = M21+ . Like in (87) we exploit the fact that
the decay amplitude is antisymmetric in α↔ β.
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In this case again we have to consider the 5 classes of contributions depicted
in Fig. 4. Any diagram is proportional to one of the three coupling constants
g˜R, g˜H or gˆH. In the first case, the thin and thick lines attached to the resonance
vertex stand for the propagation of Goldstone bosons and vector D-mesons.
In the second case, the role of thin and thick lines is interchanged in the sense
that the thin lines correspond to light vector mesons, whereas the thick lines
describe heavy pseudoscalar mesons. In the third case both lines represent
vector mesons. The outgoing line is always a pseudoscalar Ds-meson.
We discuss the various contributions, starting with the diagrams proportional
to the coupling constant g˜R. There are two types of gauge-invariant combina-
tions proportional to e gP/f . We form two corresponding transverse tensors
Aµ,αβ(p¯, p) and Bµ,αβ(p¯, p). They receive contributions from classes 1) + 2) +
4) and 2) + 3) + 4) of Fig. 4 and describe the processes where the photon
couples to the charge of the light and heavy meson respectively,
Aµ,αβab (p¯, p) = +i
∫
d4l
(2π)4
Sa(l)
{
(l + p¯)β¯ S
β¯µ,β
b (p + l) p
α
+p¯β¯ S
β¯β
b (p¯+ l) g
µα + Sa(l + q) p¯β¯ S
β¯β
b (p+ l) (q + 2 l)
µ pα
}
,
Bµ,αβab (p¯, p) = +i
∫
d4l
(2π)4
Sa(l)
{
p¯α¯ Sb,α¯β¯(p¯+ l)S
µβ¯,β
b (p+ l) p
α
+p¯α¯ S
α¯,µβ¯
b (p¯+ l)S
β
b,β¯
(p+ l) pα − lβ¯ Sµβ¯,βb (p+ l) pα
+p¯β¯ S
β¯,µβ
b (p¯+ l) p
α + p¯β¯ S
β¯β
b (p¯+ l) g
µα
}
. (98)
The notations are the same as in (89, 92). The tensors (98) are constructed
with an effective molecule vertex of the generic form (∂αD
ατ ) Φ (∂β R¯βτ ) as
implied by the projector technique of Section 2.2. The latter is equivalent to
the term proportional to g˜R in (74) (see the discussion following (75)).
The contributions driven by interactions involving the electromagnetic field
strength tensor Fµν are encoded into the transverse tensor A¯
µ,αβ,(p¯, p),
A¯µ,αβab (p¯, p) = +i
∫ d4l
(2π)4
Sa(l)
{
(l · q) gµσ − lµ qσ
}
p¯β¯ S
β¯σ,β
b (p+ l) p
α .(99)
Additional tensors Cµ,αβ(p¯, p) and C¯µ,αβ(p¯, p) describe the processes where
the Goldstone boson, which emits the photon, is converted into a light vector
meson. They are proportional to the parameter combinations eA g˜T/f
2 and
eA gE/f
2 respectively. We introduce
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Cµ,αβabc (p¯, p) = +2 i
∫
d4l
(2π)4
Sa(l) p¯
β¯ Sστ,α˜b (q + l)S
α¯β
c (p+ l) p
α
× ǫστα¯β¯ ǫµνα˜β˜ qν lβ˜ ,
C¯µ,αβabc (p¯, p) = −2 i
∫
d4l
(2π)4
Sa(l) p¯
β¯ Sα¯α˜b (q + l)S
στ,β
c (p+ l) p
α
× ǫστα¯β¯ ǫµνα˜β˜ qν lβ˜ . (100)
The terms proportional to e˜C , e˜Q are described by the tensor D
µ,αβ(p¯, p). In
the convention of Fig. 4 they correspond to contributions of class 3), which
probe the anomalous magnetic moments of the vector D-mesons. We introduce
Dµ,αβab (p¯, p) = +i
∫ d4l
(2π)4
Sa(l)
{
p¯α¯ S
α¯µ
b (p¯+ l) qτ S
τβ
b (p+ l) p
α
−p¯α¯ Sα¯τb (p¯+ l) qτ Sµβb (p+ l) pα
}
. (101)
Each of the tensor integrals introduced in (98-101) is gauge-invariant sepa-
rately.
Collecting all terms for the KD∗ and η D∗s channels, we arrive at the decay
amplitude
Mµ,αβ1+→γ 0− = −
e gP
f
h
(1+)
KD∗
{
Aµ,αβKD∗(p¯, p) +B
µ,αβ
KD∗(p¯, p)
}
− eP
f m2V
h
(1+)
KD∗ A¯
µ,αβ
KD∗(p¯, p)−
2√
3
e gP
f
h
(1+)
ηD∗s
Bµ,αβηD∗s (p¯, p)
+
eA
48 f 2mV
h
(1+)
KD∗
{
g˜T C
µ,αβ
KK∗D∗(p¯, p) + gE C¯
µ,αβ
KK∗D∗(p¯, p)
}
+
eA√
3 12 f 2mV
h
(1+)
ηD∗s
{
g˜T C
µ,αβ
ηφD∗s
(p¯, p) + gE C¯
µ,αβ
ηφD∗s
(p¯, p)
}
− gP
f M2V
{ 2√
3
3 e˜C + e˜Q − 3 e
3
h
(1+)
ηD∗s
Dµ,αβηD∗s (p¯, p)
+
6 e˜C − e˜Q − 3 e
3
h
(1+)
KD∗ D
µ,αβ
KD∗(p¯, p)
}
, (102)
where
h
(1+)
KD∗ =
√
2
g
(1+)
KD∗
MD∗
↔ M
2
1+ −M2D∗ −m2K
2 f M21+
g˜R ,
h
(1+)
ηD∗s
=
√
2
g
(1+)
ηD∗s
MD∗s
↔ M
2
1+ −M2D∗s −m2η
2
√
3 f M21+
g˜R . (103)
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The values of the coupling constants g
(1+)
KD and g
(1+)
ηDs
are given in Table 2. We
reemphasize that the application of the projection formula (97) requires an
antisymmetrization of the tensors (98-101).
We turn to the contributions implied by the channels involving the K∗ or
φ meson. Such terms are proportional to the coupling constants g˜H or gˆH
introduced in (80).
While the terms proportional to gˆH are deferred to Appendix E, we detail
those proportional to g˜H here. The former encode the physics of the K
∗D∗
and φD∗ channels. Appendix E provides in addition explicit results for the
Passareno-Veltman reduction of the tensor integrals (98-101, 104). The terms
proportional to g˜H are evaluated like those proportional to gR. Formally the
role of light and heavy intermediate lines in Fig. 4 is interchanged but the
result involves the same tensor integrals as (98-101). Additional tensors are
required to describe the effects of the terms proportional to eV 6= 0 or eE 6= 0
introduced in (66). The latter give rise to contributions of class 2) in Fig. 4.
They are analogous to the contributions proportional to eP in (102). We form
the gauge-invariant tensors B¯µ,αβ(p¯, p) and B˜µ,αβ(p¯, p),
B¯µ,αβab (p¯, p) = −i
∫
d4l
(2π)4
Sa(l)S
τβ
b (p+ l) p
α
×
(
(l · q) gµτ − lµ qτ − (p¯ · q) gµτ + p¯µ qτ
)
,
B˜µ,αβab (p¯, p) = −2 i
∫ d4l
(2π)4
Sa(l) qτ S
τµ,β
b (p+ l) p
α (p¯ · l) . (104)
We collect the contributions of the K∗D and φDs channels to the decay am-
plitude
Mµ,αβ1+→γ0− = −
e gV g˜H
f 2
{
Aµ,αβDK∗(p¯, p) +B
µ,αβ
DK∗(p¯, p) + A
µ,αβ
Dsφ
(p¯, p)
}
− eV g˜H
2 f 2m2V
B¯µ,αβDK∗(p¯, p) +
eE g˜H
3 f 2m2V
B˜µ,αβDK∗(p¯, p) +
2 eE g˜H
3 f 2m2V
B˜µ,αβDsφ (p¯, p)
+
(eC + eQ/6) g˜H
4 f 2M2V
{
gE C
µ,αβ
DD∗K∗(p¯, p) + g˜T C¯
µ,αβ
DD∗K∗(p¯, p)
}
+
(eC − eQ/3) g˜H
8 f 2M2V
{
gE C
µ,αβ
DsD∗sφ
(p¯, p) + g˜T C¯
µ,αβ
DsD∗sφ
(p¯, p)
}
, (105)
in terms of the tensor integrals of (98-100, 104). There is no term involving the
tensor (101) since we neglect the effect of the anomalous magnetic moment of
the light vector mesons.
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5.2 D∗s1(2460)→ γ D∗s0(2317)
The partial decay width Γ1+→γ 0+ is expressed in terms of the transition am-
plitudes Mµ,αβ1+→γ 0+ determined by the number d1+→ γ 0+ as
ǫ†µ(q, λq)M
µ,αβ
1+→ γ 0+ ǫ
αβ(p, λp)
= d1+→ γ 0+ ǫ
†
µ(q, λq) qτ ǫ
µτ
σα p
σ p
β
√
p2
ǫαβ(p, λp) , (106)
implying
Γ1+→ γ 0+ =
|d1+→ γ 0+ |2
12π
(
M21+ −M20+
2M1+
)3
,
d1+→ γ 0+ =
−1
(p · q)2M1+ q
τ ǫµτσα p
σ pβM
µ,αβ , (107)
with p¯2 = (p− q)2 = M20+ and p2 =M21+ .
There are 4 classes of contributions. They are depicted in Fig. 7. Like in
Fig. 4 the solid lines stand for the propagation of pseudoscalar or vector
mesons. The thick lines are used for the heavy mesons, the thin ones for the
light mesons. The solid and dashed double lines represent the molecule of the
initial and final state respectively. Any diagram is proportional to one of the
four products of coupling constants gR g˜R, gR g˜H , gH g˜R or gH g˜H . We discuss
the four possibilities case by case.
In the first two cases (terms proportional to gR g˜R or gR g˜H), the thin and thick
lines attached to the final molecule vertex represent the propagation of pseu-
doscalar light and heavy mesons. There is only one generic tensor Aµ,αβ+,abc(p¯, p)
describing these processes. They are of class 1) or 3) in the convention of Fig.
7. The contributions probe anomalous electromagnetic vertices proportional
Fig. 7. Diagrams contributing to the process 1+ → γ 0+.
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to eA or eC and eQ. We define
Aµ,αβ+,abc(p¯, p) = −2 i qτ ǫµτ σρ
∫
d4l
(2π)4
Sa(l)Sb(l + p¯) (l + p¯)
ρ Sσβc (l + p) p
α .
(108)
For the terms proportional to gH g˜R, there is a class 1) contribution only, with
thick lines describing the propagation of vector mesons. The thin line changes
from a pseudoscalar to a vector line at the photon vertex. The contributions
are proportional to the anomalous coupling constant eA. We introduce the
corresponding gauge-invariant tensor
Dµ,αβ+,abc(p¯, p) = −2 i qν ǫµν στ gκ¯κ
∫
d4l
(2π)4
lτ pα Sa(l)S
κ¯σ
b (l + q)S
κβ
c (p+ l) .
(109)
For the contributions proportional to gH g˜H , there are two types of gauge-
invariant combinations. We form two transverse tensorsBµ,αβ+ (p¯, p) and C
µ,αβ
+ (p¯, p)
receiving contributions from classes 2) + 3) + 4) and 1) + 2) + 4) of Fig. 7
respectively. The tensors Bµ,αβ+ (p¯, p) and C
µ,αβ
+ (p¯, p) describe the processes
where the photon couples to the charge of the heavy and light mesons. We
introduce the gauge-invariant tensors
Bµ,αβ+,ab (p¯, p) = − i ǫ βα˜β˜σ gρ¯ρ
∫
d4l
(2π)4
S ρ¯σa (l)
{
gµα Sρ,α˜β˜b (l + p¯)
+ pα Sµρ,α˜β˜b (l + p) + gκ¯κ p
α
{
Sρκ¯b (p¯+ l)S
µκ,α˜β˜
b (p+ l)
+S ρ¯,µκ¯b (p¯+ l)S
κ,α˜β˜
b (p+ l)
}}
,
Cµ,αβ+,ab (p¯, p) = + i ǫ
β
α˜β˜τ
gρ¯ρ
∫
d4l
(2π)4
S ρ¯,α˜β˜a (l)
{
pαSρ,µτb (l + p¯)
+ gµα Sρτb (l + p¯) + p
α Sµρ,τb (l + p)
+ gκ¯κ p
α
{
Sρκ¯b (p¯+ l)S
µκ,τ
b (p+ l) + S
ρ¯,µκ¯
b (p¯+ l)S
κτ
b (p+ l)
}}
.
(110)
The tensor integrals introduced in (108-110) are gauge-invariant separately.
Collecting all terms we arrive at the decay amplitude
Mµ,αβ1+→γ0+ =
eC + eQ/6
2M2V
h
(0+)
KD h
(1+)
KD∗ A
µ,αβ
+,KDD∗(p¯, p)
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+
eC − eQ/3
2M2V
h
(0+)
ηDs
h
(1+)
ηD∗s
Aµ,αβ+,ηDsD∗s (p¯, p)
+
eA
6
√
3 f 2mV
{
g˜H h
(0+)
ηDs
Aµ,αβ+,Dsηφ(p¯, p) + gH h
(1+)
ηDs
Dµ,αβ+,φηD∗s (p¯, p)
}
+
eA
24 f 2mV
{
g˜H h
(0+)
KD A
µ,αβ
+,DKK∗(p¯, p) + gH h
(1+)
KD D
µ,αβ
+,K∗KD(p¯, p)
}
+ e
gˆH gH
4 f 2
{
Bµ,αβ+,φD∗s (p¯, p) +B
µ,αβ
+,K∗D∗(p¯, p) + C
µ,αβ
+,D∗K∗(p¯, p)
}
+
gH g˜H
2 f 2
{eC + eQ/6
2M2V
Dµ,αβ+,DD∗K∗(p¯, p) +
eC − eQ/3
2M2V
Dµ,αβ+,DsD∗sφ(p¯, p)
}
.(111)
where the coupling constants hKD and hηDs are specified in (95, 103) in terms
of the values given in Table 2. Appendix F provides the results of a Passareno-
Veltman reduction of the tensor integrals (108-110).
5.3 D∗s1(2460)→ γ D∗s(2112)
This radiative decay mode is described by a rank-five transition tensorM α¯β¯,µ,αβ1+→γ 1− .
The decay amplitude has a slightly more complicated structure than those dis-
played in (85, 106). It is characterized by two scalar decay parameters as the
decay may go via an s-wave or a d-wave transition. Separating these two tran-
sitions is an original and interesting feature of our work leading to angular
distributions. We write
ǫ†µ(q, λq) ǫ
†
α¯β¯
(p¯, λp¯)M
α¯β¯,µ,αβ
1+→γ 1− ǫαβ(p, λp) = ǫ
†
µ(q, λq)
−i p¯β¯ ǫ†
α¯β¯
(p¯, λp¯)√
p¯2
× qτ ǫµτα¯σ
{
d
(1)
1+→γ 1−
qα pσ
(q · p) + d
(2)
1+→γ 1−
(
gασ −
qα pσ
(q · p)
)}
pβ ǫαβ(p, λp)√
p2
.
(112)
To verify that there are indeed only two independent decay parameters re-
quires using the identity
gστ ǫαβγδ = gατǫσβγδ + gβτǫασγδ + gγτǫαβσδ + gδτǫαβγσ . (113)
We obtain for the decay width
Γ1+→γ 1− =
1
12 π
{∣∣∣∣∣
d
(1)
1+→γ 1−
M1+
∣∣∣∣∣
2
+
∣∣∣∣∣
d
(2)
1+→γ 1−
M1−
∣∣∣∣∣
2}(
M21+ −M21−
2M1+
)3
, (114)
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with p¯2 = M21− and p
2 = M21+ . As indicated by (113), it is quite cumbersome
to extract the two decay parameters from a given amplitude. Fortunately, this
task can be streamlined considerably by the projection identities,
d
(1)
1+→γ 1− =
+i 16M1+
M1− (M
2
1+ −M21−)3
pσ qτ ǫστα¯µ p¯β¯M
α¯β¯,µ,αβ
1+→γ 1− qα pβ ,
d
(2)
1+→γ 1− =
+i 16M1−
M1+ (M
2
1+ −M21−)3
pσ qτ ǫστµα qα¯ p¯β¯M
α¯β¯,µ,αβ
1+→γ 1− pβ ,
(115)
resulting from the antisymmetry and transversality of the decay amplitude.
We consider the 5 classes of contributions depicted in Fig. 4. Any diagram
is proportional to one of the three coupling constants g˜R, g˜H or gˆH . In the
first case the thin and thick lines attached to the resonance vertex stand
for the propagation of Goldstone bosons and vector D-mesons. In the second
case the thin lines correspond to light vector mesons whereas the thick lines
describe heavy pseudoscalar mesons. In the third case both lines stand for
vector mesons. The outgoing line is always a vector D∗s-meson.
We discuss the various contributions starting with diagrams proportional to
the coupling constant g˜R. There are two types of gauge-invariant combinations
proportional to e g˜P/f . We form the two corresponding transverse tensors
Aα¯β¯,µ,αβ+ (p¯, p) and B
α¯β¯,µ,αβ
+ (p¯, p), receiving contributions from classes 1) + 2) +
4) + 5) and 2) + 3) + 4) + 5) of Fig. 4 respectively. The tensors Aα¯β¯,µ,αβ+ (p¯, p)
and Bα¯β¯,µ,αβ+ (p¯, p) describe the processes where the photon couples to the
charge of the light and heavy mesons,
Aα¯β¯,µ,αβ±,ab (p¯, p) = −i
∫ d4l
(2π)4
Sa(l)
{
ǫα¯β¯ στ
[
− gµσ Sτβb (p+ l) pα
+ lσ Sτβb (p¯+ l) g
µα + (l + q)σ Sa(l + q)S
τβ
b (p+ l) (q + 2 l)
µ pα
]
+ ǫα˜β˜ στ p¯
α¯ Sµβ¯
p¯, α˜β˜
(p) lσ Sτβb (p+ l) p
α ∓ ǫ ρβ¯στ
[
− gµρ p¯α¯ Sστ,βb (p+ l) pα
+ lρ g
µα¯ Sστ,βb (p+ l) p
α + p¯α¯ lρ S
στ,β
b (p¯+ l) g
µα
+ p¯α¯ (l + q)ρ Sa(l + q)S
στ,β
b (p+ l) (q + 2 l)
µ pα
]}
,
Bα¯β¯,µ,αβ±,ab (p¯, p) = −i
∫ d4l
(2π)4
Sa(l)
{
ǫα¯β¯ στ
[
+ lσ S
µτ,β
b (p+ l) p
α
+ lσ Sτβb (p¯+ l) g
µα + lσ Sτ,µβb (p¯+ l) p
α
+ lσ gκ¯κ
{
Sτ,µκ¯b (p¯+ l)S
κβ
b (p+ l) + S
τκ¯
b (p¯+ l)S
µκ,β
b (p + l)
}
pα
]
+ ǫα˜β˜ στ p¯
α¯ Sµβ¯
p¯, α˜β˜
(p) lσ Sτβb (p+ l) p
α ∓ ǫ ρβ¯στ
[
+ lρ g
µα¯ Sστ,βb (p+ l) p
α
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+ lρ p¯
α¯ Sστ,βb (p¯+ l) g
µα + lρ p¯
α¯ Sστ,µβb (p¯+ l) p
α
+ lρ p¯
α¯ gκ¯κ
{
Sστ,κ¯b (p¯+ l)S
µκ,β
b (p+ l) + S
στ,µκ¯
b (p¯+ l)S
κβ
b (p+ l)
}
pα
]}
.
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In the tensors Aα¯β¯,µ,αβ±,ab and B
α¯β¯,µ,αβ
±,ab there are contributions where the photon
couples to the final vector particle. In the convention of Fig. 4, these are
diagrams of class 5). They give rise to terms proportional to Sα¯β¯,αβp¯ (p), with
m2p¯ = p¯
2. Such contributions are not at odds with parity conservation since
the tensor field carries spin one quanta with both parities. Analogous terms
where the photon couples to the initial vector meson do not arise due to parity
conservation. Since the resonance field couples always with (∂τR
τα), only the
positive parity component is accessible.
The contributions induced by interactions involving the electromagnetic field
strength tensor Fµν are proportional to the anomalous coupling strengths eA,
eQ, eC , e˜Q and e˜C of (62, 55, 57) or the parameter e˜P of (60). The terms
proportional to e˜P/(f m
2
V ) probe the class 2) of Fig. 4 only. Their effect is
encoded into the transverse tensor A¯α¯β¯,µ,αβ,+ (p¯, p). The tensor B¯
α¯β¯,µ,αβ
ab (p¯, p) is
associated with contributions probing the anomalous magnetic moment of the
D mesons, which are proportional to e˜C and e˜Q,
A¯α¯β¯,µ,αβ±,ab (p¯, p) = −i
∫
d4l
(2π)4
Sa(l)
{
ǫα¯β¯ στ
(
lµ qσ − (l · q) gµσ
)
Sτβb (p+ l)
∓ ǫ ρβ¯στ
(
lµ qρ − (l · q) gµρ
)
p¯α¯ Sστ,βb (p+ l)
}
pα ,
(117)
B¯α¯β¯,µ,αβab (p¯, p) = +i
∫ d4l
(2π)4
Sa(l)
{
ǫα¯β¯ στ
[
lσ qκ
{
Sτκb (p¯+ l)S
µβ
b (p+ l)
−Sτµb (p¯+ l)Sκβb (p+ l)
}
pα
]
− ǫ ρβ¯στ
[
lρ qκ p¯
α¯
{
Sστ,κb (p¯+ l)S
µβ
b (p+ l)
−Sστ,µb (p¯+ l)Sκβb (p+ l)
}
pα
]}
. (118)
The additional tensors C α¯β¯,µ,αβ+ (p¯, p) and C¯
α¯β¯,µ,αβ(p¯, p) describe the processes
where the Goldstone boson, which emits the photon, is converted into a light
vector meson as included in class 1). They are proportional to the parameter
combinations eA g˜V /f
2 and eA gT/f
2 respectively. We define
C α¯β¯,µ,αβ±,abc (p¯, p) = +2 i
∫
d4l
(2π)4
Sa(l) qν ǫ
µν
στ l
τ
{
Sα¯σb (l + q)S
β¯β
c (l + p) p
α
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± p¯α¯ gκ¯κ Sκ¯σb (l + q)Sκβ¯,βc (l + p) pα
}
,
(119)
C¯ α¯β¯,µ,αβabc (p¯, p) = +2 i
∫
d4l
(2π)4
Sa(l) qν ǫ
µν
στ l
τ p¯α¯
× gκ¯κ Sκ¯β¯,σb (l + q)Sκβc (l + p) pα . (120)
Anomalous processes analogous to those described by the tensors (119) are
driven by eQ and eC . In this case the photon is emitted by a pseudoscalar D-
meson, which is converted into a vector D-meson. The contribution is included
in class 3) of Fig. 4. We introduce the corresponding loop tensor
Dα¯β¯,µ,αβabc (p¯, p) = +2 i
∫ d4l
(2π)4
Sa(l)Sb(l + p¯)
×lα¯ p¯β¯ qτ ǫµτ ρσ (l + p¯)σ Sρβc (l + p) pα . (121)
The tensor integrals introduced in (116, 117, 119, 121) are again gauge-invariant
separately.
Summing all terms, we get the decay amplitude
−iM α¯β¯,µ,αβ1+→γ 1− =
e g˜P
4 f
h
(1+)
KD∗
{
Aα¯β¯,µ,αβ+,KD∗ (p¯, p) +B
α¯β¯,µ,αβ
+,KD∗ (p¯, p)
}
+
e˜P
4 f m2V
h
(1+)
KD∗ A¯
α¯β¯,µ,αβ
+,KD∗ (p¯, p) +
2√
3
e g˜P
4 f
h
(1+)
ηD∗s
Bα¯β¯,µ,αβ+,ηD∗s (p¯, p)
+
g˜P
4 f M2V
{ 2√
3
3 e˜C + e˜Q − 3 e
3
h
(1+)
ηD∗s
B¯α¯β¯,µ,αβηD∗s (p¯, p)
+
6 e˜C − e˜Q − 3 e
3
h
(1+)
KD∗ B¯
α¯β¯,µ,αβ
KD∗ (p¯, p)
}
− eA
24 f 2mV
h
(1+)
KD∗
{
g˜V C
α¯β¯,µ,αβ
+,KK∗D∗(p¯, p) + gT C¯
α¯β¯,µ,αβ
KK∗D∗ (p¯, p)
}
− eA√
3 6 f 2mV
h
(1+)
ηD∗s
{
g˜V C
α¯β¯,µ,αβ
+,ηφD∗s
(p¯, p) + gT C¯
α¯β¯,µ,αβ
ηφD∗s
(p¯, p)
}
− gP
f M2V
{ 2√
3
3 eC − eQ
6
h
(1+)
ηD∗s
Dα¯β¯,µ,αβηDsD∗s (p¯, p)
+
6 eC + eQ
6
h
(1+)
KD∗ D
α¯β¯,µ,αβ
KDD∗ (p¯, p)
}
. (122)
We turn to the contributions induced by the coupling constants g˜H and gˆH
introduced in (80). The terms proportional to gˆH are deferred to Appendix
G. We discuss those proportional to g˜H . The former are expected to be more
relevant than the latter due to phase space. Appendix G provides in addition
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explicit results for the Passareno-Veltman reduction of the tensor integrals
(116-121, 123).
The evaluation of terms proportional to g˜H is similar to those proportional
to gR. Formally the role of light and heavy intermediate lines in Fig. 4 is
interchanged so that the tensor integrals formed in (116-121) will occur again.
Additional tensors are required to describe the implications of e˜T 6= 0 as
introduced in (66). The latter give rise to contributions of class 2) in Fig. 4.
They are analogous to the contributions proportional to e˜P in (111). We form
the gauge-invariant tensor B˜µ,αβ(p¯, p)
B˜α¯β¯,µ,αβab (p¯, p) = + i
∫
d4l
(2π)4
Sa(l) p¯
α¯ lρ ǫ
ρβ¯
σ¯τ S
στ,β
b (p+ l)
×
(
gµσ q
σ¯ − gµσ¯ qσ
)
pα . (123)
The contributions proportional to g˜H are
−iM α¯β¯,µ,αβ1+→γ 1− = −
e (gE + g˜T ) g˜H
8 f 2
{
Aα¯β¯,µ,αβ+,DK∗ (p¯, p) +B
α¯β¯,µ,αβ
+,DK∗ (p¯, p)
}
− e (gE − g˜T ) g˜H
8 f 2
{
Aα¯β¯,µ,αβ−,DK∗ (p¯, p) +B
α¯β¯,µ,αβ
−,DK∗ (p¯, p)
}
− e˜T g˜H
4 f 2m2V
B˜α¯β¯,µ,αβDK∗ (p¯, p)
− e g˜H
8 f 2
{
(gE + g˜T )A
α¯β¯,µ,αβ
+,Dsφ (p¯, p) + (gE − g˜T )Aα¯β¯,µ,αβ−,Dsφ (p¯, p)
}
+
(eC + eQ/6) g˜H
4 f 2M2V
{
(g˜V + gT )C
α¯β¯,µ,αβ
+,DD∗K∗(p¯, p) + 2 g˜V C¯
α¯β¯,µ,αβ
DD∗K∗ (p¯, p)
+ (g˜V − gT )C α¯β¯,µ,αβ−,DD∗K∗(p¯, p)
}
+
(eC − eQ/3) g˜H
8 f 2M2V
{
(g˜V + gT )C
α¯β¯,µ,αβ
+,DsD∗sφ
(p¯, p) + 2 g˜V C¯
α¯β¯,µ,αβ
DsD∗sφ
(p¯, p)
+(g˜V − gT )C α¯β¯,µ,αβ−,DsD∗sφ(p¯, p)
}
+
eA gP g˜H
12 f 3mV
Dα¯β¯,µ,αβDKK∗ (p¯, p) +
eA gP g˜H
9 f 3mV
Dα¯β¯,µ,αβDsηφ (p¯, p) . (124)
6 Numerical results
We confront the results of the previous sections with the experimental data
on the radiative and strong decays of the scalar and axial-vector Ds-mesons
reviewed in the introduction.
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Our prediction of 140 keV for the isospin-violating strong widthD∗s0(2317)
± →
Ds(1968)
± π0 is compatible with the empirical bound Γ < 3.8 MeV [23] but
this comparison does not provide any significant constraint on the underly-
ing coupled-channel dynamics. The present upper limit on the ratio of the
radiative to pionic decay width [21]
Γ [D∗s0(2317)
± → D∗s(2112)± γ]
Γ [D∗s0(2317)± → Ds(1968)± π0]
< 0.059 (125)
implies for the decay constant d0+→γ 1− defined in (86) the inequality,
∣∣∣d0+→γ 1− ∣∣∣ < 0.117GeV−1 , (126)
using our predicted value for the D∗s0 → Ds π0 decay width (140 keV).
The total width of the D∗s1(2460)
± meson is less than 3.5 MeV [23]. Our pre-
diction of 140 keV for the isospin-violating strong decay width D∗s1(2460) →
D∗s(2112) π
0 is compatible with that upper bound but this is again not very
significant. The constraints on the radiative decays of the D∗s1(2460)
± to the
Ds(1968)
±, the D∗s(2112)
± and the D∗s0(2317)
± given in (3), (4) and (5) imply
the following relations for the decay constants d1+→γ 0− , d1+→γ 0+ and d
(1,2)
1+→γ 1−
introduced in (97), (107) and (114),
∣∣∣d1+→ γ 0− ∣∣∣ = 0.138 +0.012−0.014GeV−1 ,
∣∣∣d1+→ γ 0+ ∣∣∣ < 0.665GeV−1 ,
∣∣∣d(1)1+→ γ 1−
∣∣∣2 + (1.164)2 ∣∣∣d(2)1+→γ 1−
∣∣∣2 < (0.39)2 . (127)
It is interesting to confront the empirical constraints (126, 127) to the predic-
tions of heavy-quark symmetry. To leading order, the heavy-quark symmetry
implies the relations
Mc d0+→ γ 1− = Mc d1+→ γ 0− = d
(1)
1+→ γ 1− = d
(2)
1+→ γ 1− ≡ d , (128)
where Mc ≃ MV is a typical mass of a charmed meson. The result (128) can
be derived from [10] by a matching of corresponding decay amplitudes. In the
heavy-quark mass limit the parameter d scales linearly with the charm quark
mass. The value given in (127) for
∣∣∣d1+→ γ 0−∣∣∣ suggests the range 0.25 < |d| <
0.30 for Mc = MV = 2000 MeV. This value is barely compatible with the
bound (126) and requires that
∣∣∣d0+→γ 1−∣∣∣ be close to that upper bound.
We discuss the electromagnetic decay parameters obtained using the expres-
sions derived in Sections 4 and 5. The contributions from the KD and ηDs
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channels are shown in Table 3 for radiative transitions between scalar and
vector states and in Table 4 for the radiative decay of the 1+ to the 1− state.
The first column displays contributions involving the 4-point vertices (54)
and (60). The second column shows the effect of anomalous processes and the
third column contributions induced by the light vector mesons as intermediate
states.
We consider the first column of these tables and try to reproduce the con-
10 × d0+→γ 1− [GeV−1]
KD +2.371 gP + 3.036 eP −2.252 (eC + eQ/6) g˜P −(6.095 g˜T + 0.950 gE) eA
ηDs +6.822 gP −1.018 (eC − eQ/3) g˜P −(14.93 g˜T + 3.575 gE) eA
10 × d1+→γ 0− [GeV−1]
KD +1.641 gP + 2.920 eP +2.272 (e˜C − e˜Q/6) gP +(0.500 g˜T + 0.501 gE) eA
ηDs +3.445 gP +1.222 (e˜C + e˜Q/3) gP +(3.149 g˜T + 0.883 gE) eA
10 × d1+→γ 0+ [GeV−1]
KD +2.104 (eC + eQ/6)
ηDs +0.891 (eC − eQ/3)
Table 3
Contributions to the decay constants d0+→γ 1− and d1+→γ 0+ implied by (94), (102)
and (111). We use the coupling constants of Table 2, f = 90 MeV, mV = 776 MeV
and MV = 2000 MeV.
10 × d(1)1+→γ 1−
KD +5.147 g˜P + 7.347 e˜P +0.221 (eC + eQ/6) gP +(8.544 gT − 1.458 g˜V ) eA
+3.214 (e˜C − e˜Q/6) g˜P
ηDs +11.92 g˜P −0.227 (eC − eQ/3) gP +(26.85 gT − 5.914 g˜V ) eA
+1.756 (e˜C + e˜Q/3) g˜P
10 × d(2)1+→γ 1−
KD +2.799 g˜P + 6.305 e˜P +2.153 (eC + eQ/6) gP −(8.802 gT − 1.335 g˜V ) eA
+0.0650 (e˜C − e˜Q/6) g˜P
ηDs +8.852 g˜P +0.489 (eC − eQ/3) gP −(21.62 gT − 3.469 g˜V ) eA
+0.080 (e˜C + e˜Q/3) g˜P
Table 4
Contributions to the decay parameters d
(1)
1+→γ 1− and d
(2)
1+→γ 1− implied by (122). We
use the same coupling constants as in Table 3
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straints (126) and (127) using these terms only and the empirical value gP ≃
0.57. This exercise leads immediately to the conclusion that gP and eP must
have opposite signs. Adding constructively the contributions from the KD
and η Ds channels would produce decay parameters that are much too large.
We recall that eP parameterizes gauge-invariant 4-point vertices describing
the process where a D-meson emits a photon and a charged Goldstone boson
simultaneously. Such interactions must be taken into account in effective field
theories. The parameter eP can be varied to achieve consistency with (126)
and (127). To fit the 1+ → γ 0− decay, the range of values for eP is limited to
the intervals −0.57 < eP < −0.49 and −1.50 < eP < −1.42. The constraints
on the process 1+ → γ 1− suggest −1.54 < e˜P < −0.84 for gP = g˜P = 0.57.
From the 0+ decay we deduce −2.08 < eP < −1.37. With eP = e˜P ≃ −1.50
we arrive at an acceptable scenario, given the assumption of Section 3 that
the chiral power assigned to the eP vertex is promoted from order Q
3
χ to or-
der Q2χ. The corresponding decay parameters are collected in the first column
of Table 5. We observe that this scenario, though compatible with the con-
straints (126) and (127), is characterized by decay parameters in significant
disagreement with the heavy-quark symmetry relation (128).
A value of eP of the order of −1.5 has many consequences. As mentioned in the
discussion following (61), this coupling is unnaturally large and points to the
effectiveness of the theory. It also induces very important cancellations in the
KD channel and between the KD and the ηDs channels. The D
∗
s0(2317) →
γ D∗s(2112) transition is actually dominated by the contribution of the ηDs
channel. The corresponding radiative width is 2.85 keV and the calculated
value for the ratio (2) is 0.02. The comparison with other coupled-channel
calculations is not easy as the mechanism driving the D∗s0(2317)→ γ D∗s(2112)
transition is not simple. Our radiative width is larger than the value of 0.49 keV
obtained in [18] but we note that similar destructive effects between channels
are observed in both approaches. Our result is quantitatively comparable to
the radiative width of ∼1 keV found in [19] in a molecular picture, despite
the fact that the ηDs channel is not taken into account in [19] and important
in our work as well as in [18]. This particular example illustrates the need
for a consistent description of the spectroscopic properties of the Ds-mesons
guided by general principles such as strong interaction symmetries. For the
decays D∗s1(2460) → γ Ds(1968), D∗s1(2460) → γ Ds0(2317) and D∗s1(2460) →
γ D∗s(2112), we obtain partial widths of 50 keV, 0 and 18 keV respectively
(assuming always a strong width of 140 MeV). We stress that performing a
formal expansion of the full expressions for the decay parameter in the inverse
charm-quark mass leads to results that are compatible with the expectation
from the heavy-quark symmetry. With phenomenological charm quark masses,
the decay parameters obtained for theKD channel distort the pattern implied
by the relation (128) obtained in the limit of infinitely heavy charm quarks.
Such breaking pattern is even larger in the ηDs channel. We note also from
the numbers provided in Tables 3 and 4 that the contribution proportional to
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I) II) III) IV)
d0+→γ 1− [GeV−1] +0.069 +0.035 −0.003 +0.073
d1+→γ 0− [GeV−1] −0.148 −0.130 −0.120 −0.139
d1+→γ 0+ [GeV−1] 0 +0.055 +0.055 +0.055
d
(1)
1+→γ 1− −0.129 −0.097 −0.105 −0.090
d
(2)
1+→γ 1− −0.282 −0.251 −0.251 −0.251
Table 5
Decay constants that are implied by eP = e˜P = −1.50 and gH = g˜H = gˆH = 0.
The values used for eA, eC = e˜C and eQ = e˜Q are discussed in the text. The four
scenarios are characterized by I) eA = 0 and eQ = eC = 0, II) eA = 0, III) eA > 0
and IV) eA < 0. We use f = 90 MeV, mV = 776 MeV, MV = 2000 MeV.
gP is larger in the ηDs channel than in the KD channel. This is because there
is only one contribution in the ηDs channel while there are two contributions
of opposite sign in the KD channel corresponding to the graphs where the
photon couples to the K+ or to the D+.
We display the effect of the anomalous contributions in the second column of
Tables 3 and 4. Without light vector mesons as explicit degrees of freedom,
these terms determine entirely the 1+ → γ 0+ process. According to Appendix
A, we should take eC ≃ 0.13 and adjust the value of eQ to the channel under
consideration (eQ ≃ 0.91 for the KD channel and eQ ≃ 0.52 for the ηDs
channel). Given the coupling constants of Table 2, we predict d1+→γ 0+ = 0.055
GeV−1, a result compatible with the bound of (127).
We discuss now the effects induced by the presence of light vector mesons
when they do not couple directly to the scalar and axial-vector molecules
(gH = g˜H = gˆH = 0) but influence their radiative decays as intermediate
states through the anomalous vertex introduced in (62). This contribution
is proportional to eA and given in the third column of Tables 3 and 4. The
parameter eA exhibits significant flavour SU(3) breaking as indicated in (64).
To take it into account we use
e
(η Ds)
A = e
(φ→γ η)
A ≃ ±0.053 ,
e
(KD)
A = 2 e
(K∗0→γ K0)
A − e(K
∗+→γ K+)
A ≃ ±0.148 , (129)
in the ηDs and KD channels respectively. The phase of the parameter eA is
not determined by experiment. We consider both signs and provide the nu-
merical values of the electromagnetic decay parameters in the third and fourth
columns of Table 5 for eA >0 and eA <0. The phases and the size of the pa-
rameters gT , gE, g˜T and g˜V were estimated in Section 3 from the assumption
of universally coupled light vector mesons, together with the ansatz of a com-
bined heavy-quark and flavour SU(4) symmetry. We used the values g˜V ≃ 0.71,
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gE = gP and gT = g˜T = 0.5mV gP/MV with gP = 0.57. We caution that these
numbers were derived with significant approximations. As can be seen in Table
5, the sign of eA matters mostly for the radiative decay width of the D
∗
s0(2317):
this width is extremely small for eA >0 (5.4 eV) and much larger for eA <0
(3.2 keV). An accurate measurement of the D∗s1(2460) → γ D∗s(2112) decay
width would therefore be most helpful in determining whether the Lagrangian
(62) leads to constructive or destructive interference effects in that quantity.
We note that the K+D0 and K0D+ channels contribute to the decay ampli-
tudes with opposite signs, the contribution of the K0D+ channel being twice
as large as the contribution of the K+D0 channel.
We enlarge the discussion of the role played by light vector mesons by assuming
that the K∗D∗ and φD∗s channels can couple directly to the scalar and axial-
vector molecules and theK∗D and φDs channels to the axial-vector molecules
through the interactions defined in (80). In the heavy-quark mass limit, the
coupling constants are equal, i.e. g˜H = gH = gˆH 6= 0 .
We consider first the transition 1+ → γ 0+ between molecules. The corre-
sponding decay parameter reads
10 × d1+→γ 0+ [GeV−1] = gˆH gH
[
1.187− 0.377
]
− g˜H gH
[
5.363 (eC + eQ/6) + 5.607 (eC − eQ/3)
]
+ e
(KD)
A
[
0.429 gH + 9.244 g˜H
]
+ e
(ηDs)
A
[
1.704 gH + 13.62 g˜H
]
, (130)
where we separate the contributions from channels involving the D and Ds
mesons. In the first term, the numbers 1.187 and −0.377 represent the contri-
butions from the φD∗s and the K
∗D∗ channels respectively. Similarly the con-
tributions proportional to eC + eQ/6 and eC − eQ/3 reflect the K∗D → K∗D∗
and φDs → φD∗s transitions. With the values of eA, eQ and eC discussed
above, we may use (130) and (127) to constrain the parameters gH , g˜H and
gˆH . In the heavy-quark limit (gH = g˜H = gˆH), we derive the conditions
− 10.5 < gH < 2.18 , −2.18 < gH < 10.5 , (131)
for the positive and negative values of eA respectively. Clearly the result (131)
does not provide a strong constraint on the size of the parameter gH .
We turn to the radiative transitions of the scalar and axial-vector molecules to
0− and 1− ground states. We display in Tables 6 and 7 the contributions of the
channels involving light vector mesons to these decays. The terms shown in
Table 6 correspond to the expressions (165) and (105) (obtained in Appendix
D and in Section 5) for the 0+ → γ1− transition and (169) derived in Appendix
D for the 1+ → γ0− transition. The terms quoted in Table 7 correspond to
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10 × d0+→γ 1− [GeV−1]
K∗D∗ +10.66 gT + 2.976 g˜V +1.758 eT + 2.343 e˜E − 2.765 e˜V
∼ gH : −27.78 eA g˜P +(eC + eQ/6) (3.408 g˜T + 0.611 gE)
+(e˜C − e˜Q/6) (2.283 g˜T + 0.653 g˜V )
φ D∗s +29.69 gT + 8.369 g˜V +3.091 e˜E
∼ gH : −60.24 eA g˜P +(eC − eQ/3) (1.383 g˜T + 0.322 gE)
+(e˜C + e˜Q/3) (1.278 g˜T + 0.592 g˜V )
10 × d1+→γ 0− [GeV−1]
K∗D +0.852 gV +6.902 eE − 6.127 eV
∼ g˜H : +(eC + eQ/6) (6.777 g˜T + 1.337 gE)
φ Ds −2.902 gV +6.462 eE
∼ g˜H : +(eC − eQ/3) (3.548 g˜T + 0.847 gE)
K∗D∗ +9.798 g˜T + 1.603 gE +3.338 e˜T
∼ gˆH : −9.070 eA gP +1.568 (eC + eQ/6) gV
−(e˜C − e˜Q/6) (2.705 g˜T + 0.547 gE)
φ D∗s +16.92 g˜T + 3.807 gE
∼ gˆH : −15.44 eA gP +1.072 (eC − eQ/3) gV
−(e˜C + e˜Q/3) (1.478 g˜T + 0.359 gE)
Table 6
Contributions to the decay parameters d0+→γ 1− and d1+→γ 0− implied by the light
vector meson couplings as given by (165, 105, 169). The various terms have to be
multiplied by either gH , g˜H or gˆH as indicated in the first column.
the expressions (124) and (179) (obtained in Section 5 and in Appendix G) for
the 1+ → γ1− transition. They involve the additional parameters eT , e˜T , eV , e˜V
and eE , e˜E introduced in (66). Clearly, it is not possible to determine these
numbers by the constraints (126) and (127) only.
To achieve a qualitative understanding of these terms, we assume that all
parameters are correlated as dictated by the heavy-quark mass limit (i.e. eP =
e˜P , eV = e˜V ,...). In this limit, there remain five unknown parameters gH , eP ,
eV , eT and eE . One may expect to learn little from the constraints (126) and
(127) only. However, this is not quite so. For specific values of gH and eP ,
one can always adjust the values for eV , eT and eE so as to reproduce a given
value of the decay parameter d0+→γ 1− and the partial decay widths of the
process 1+ → γ 0− and 1+ → γ 1− derived in (126) and (127). We assume as
before g˜V ≃ 0.71, gE = gP and gT = g˜T = 0.5mV gP/MV with gP = 0.57.
The requirement that the parameters eV , eT and eE be real, as implied by
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d
(1)
1+→γ 1−
K∗D +1.024 g˜T + 0.152 gE +0.618 e˜T
∼ g˜H : +2.049 eA gP −(eC + eQ/6) (2.930 gT + 0.483 g˜V )
φ Ds +2.674 g˜T + 0.597 gE
∼ g˜H : +5.714 eA gP −(eC − eQ/3) (1.505 gT + 0.147 g˜V )
K∗D∗ +1.065 gT + 0.569 g˜V +0.528 eT − 0.979 e˜V + 1.069 e˜E
∼ gˆH : −5.914 eA g˜P −(eC + eQ/6) (0.209 g˜T + 0.037 gE)
+(e˜C − e˜Q/6) (0.439 gT + 0.002 g˜V )
φ D∗s +2.597 gT + 0.746 g˜V +1.328 e˜E
∼ gˆH : −10.99 eA g˜P −(eC − eQ/3) (0.047 g˜T + 0.011 gE)
+(e˜C + e˜Q/3) (0.260 gT + 0.058 g˜V )
d
(2)
1+→γ 1−
K∗D +0.683 g˜T + 0.091 gE +0.521 e˜T
∼ g˜H : −6.998 eA gP +(eC + eQ/6) (1.567 gT − 0.202 g˜V )
φ Ds +2.276 g˜T + 0.504 gE
∼ g˜H : −13.99 eA gP +(eC − eQ/3) (0.793 gT − 0.190 g˜V )
K∗D∗ +1.512 gT + 0.446 g˜V +0.669 eT − 0.907 e˜V + 0.881 e˜E
∼ gˆH : +1.435 eA g˜P +(eC + eQ/6) (0.247 g˜T + 0.044 gE)
−(e˜C − e˜Q/6) (0.886 gT − 0.037 g˜V )
φ D∗s +2.820 gT + 0.587 g˜V +1.041 e˜E
∼ gˆH : +2.858 eA g˜P +(eC − eQ/3) (0.157 g˜T + 0.037 gE)
−(e˜C + e˜Q/3) (0.443 gT − 0.014 g˜V )
Table 7
Contributions to the decay parameters d
(1)
1+→γ 1− and d
(2)
1+→γ 1− implied by the light
vector meson couplings as given by (124, 179). The various terms have to be mul-
tiplied by either g˜H or gˆH as indicated in the first column.
charge conjugation symmetry, defines stringent conditions on the ranges of
values allowed for gH and eP . Note that the latter are determined by quadratic
equations, the solution of which involves a square root. The constants eV , eT
and eE be real numbers only if the argument of that square root is positive.
For a given value of eP , we derive the condition that the parameter gH has to
be confined in a small interval
gcrit,−H < gH < g
crit,+
H . (132)
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I) II)
d0+→γ 1− [GeV−1] +0.057 +0.104
d1+→γ 0− [GeV−1] −0.139 −0.140
d1+→γ 0+ [GeV−1] −0.043 +0.091
d
(1)
1+→γ 1− +0.303 +0.278
d
(2)
1+→γ 1− +0.202 +0.071
Table 8
Decay constants obtained using eP = eV = eT = eE = 0 and e˜P = e˜V = e˜T = e˜E =
0. In set I) we use eA > 0 with gH = g˜H = gˆH = −0.46. Set II) assumes eA < 0
and gH = g˜H = gˆH = −0.25. We assume f = 90 MeV, mV = 776 MeV, MV = 2000
MeV.
We discriminate between the scenarios implied by positive or negative values
of the parameter eA, for which we find respectively
gcrit,±H ≃ −0.390 + 1.332 d0+→γ 1−[GeV−1]− 0.242 eP ± 0.131 ,
gcrit,±H ≃ −0.285 + 0.751 d0+→γ 1−[GeV−1]− 0.137 eP ± 0.074 . (133)
We checked the stability of this result against reasonable variations of the
parameters gV , gT and gE. In (133) we allow the decay parameter d0+→γ 1−
to take any value. The result (133) is very significant: for any reasonable
range of eP it requires the coupling constant gH to be quite small, typically
|gH | < 0.5. This justifies in retrospect the coupled-channel computation of
Section 2, which assumed that the light vector mesons are not relevant for the
formation of the scalar and axial-vector Ds molecules.
The light vector mesons may nevertheless change the radiative decay para-
meters significantly because of cancellations between terms. Our main result
is that the introduction of light vector mesons leads to a very consistent pic-
ture. We obtain values for all decay parameters that are compatible with the
empirical constraints using vanishing values for all gauge-invariant counter
terms eP = eV = eT = eE = 0 and e˜P = e˜V = e˜T = e˜E = 0. In such a sce-
nario there is one free parameter only, gH = g˜H = gˆH, which can be dialed to
recover all empirical constraints. The results for the positive and negative eA
scenarios are collected in Table 8. It is interesting to observe that we predict
a negative decay constant for the 1+ → γ 0− decay contradicting the naive
expectation of heavy-quark symmetry. We emphasize that this follows even
though performing a formal expansion of the full expressions for the decay
parameter in the inverse charm-quark mass leads to results compatible with
the expectation from the heavy-quark symmetry. Such an expansion assumes
for instance mφ ≪ Mc, which is not realized too well in nature. Our results
provide a physical justification for promoting the counter terms proportional
to eP and e˜P to chiral order Q
2
χ rather than the expected power Q
3
χ. Once the
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light vector mesons are introduced as important physical degrees of freedom,
the naturalness assumption for the residual size of eP and e˜P appears justified.
We emphasize that it does not appear possible to predict precise values for
the decay parameters. The results of Table 8 should be viewed as possi-
ble and natural scenarios. We provide therefore the radiative widths asso-
ciated with the decay constants of Table 8, assuming the strong width of the
D∗s0(2317)
± and D∗s1(2460)
± to be 140 keV, as a mere indication of their ex-
pected range. For the scenarios labeled I and II, we find Γ0+→γ 1− = 1.94 and
6.47 keV, Γ1+→γ 0−=44.50 and 45.14 keV, Γ1+→γ 0+=0.13 and 0.59 keV and
Γ1+→γ 1−=21.8 and 12.47 keV respectively. Precise unquenched lattice QCD
simulations for the hadronic coupling constants of the Goldstone bosons and
light vector mesons to the D-mesons would be very helpful.
7 Summary
Based on the chiral Lagrangian properties of scalar and axial-vector meson
molecules with open-charm content were studied. Chiral correction terms were
incorporated systematically in the coupled-channel dynamics, where we relied
on constraints from large-Nc QCD and the heavy-quark symmetry. We focused
on the D∗s0(2317) and D
∗
s1(2460) states and computed their isospin-violating
hadronic and electromagnetic decay widths. In order to establish manifestly
gauge-invariant results for the electromagnetic decay parameters the spin-one
particles were represented in terms of antisymmetric tensor fields rather than
by the more conventional vector fields. The role of explicit light vector mesons
in the radiative decays was investigated.
The main findings of this work for the strong and radiative decay widths of
the D∗s0(2317) and D
∗
s1(2460) states can be summarized as follows.
The hadronic isospin-violating decay widths of both theD∗s0(2317) andD
∗
s1(2460)
states are predicted to be 140 keV. Chiral corrections to order Q2χ lead to
a significant enhancement of these widths. We point out the importance of
treating consistently the η π mixing and the isospin-mixing effects in the KD
system. The observed upper limits on these strong widths of 3.8 and 3.5 MeV
respectively do not provide any useful constraint on the theory yet.
The radiative decay parameters of the D∗s0(2317) → γ D∗s and D∗s1(2460) →
γ Ds, γ D
∗
s and D
∗
s1(2460) → γ D∗s0(2317) were computed in the hadrogenesis
conjecture. They involve only one-loop diagrams. We find that both the ηDs
and η D∗s channels contribute significantly and that large cancellations occur
between the different channels. The results are compatible with all empiri-
cal constraints if one gauge-invariant contact term is considered to be more
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important than expected from a naive naturalness assumption. The decay pa-
rameters are subject to a cancellation mechanism, which makes a prediction
of their precise values unreliable at the moment.
When considering light vector mesons as explicit degrees of freedom coupled
to the scalar and axial-vector molecules, radiative decay parameters that are
compatible with the empirical constraints, can be obtained without envok-
ing subleading contact terms. We understand this effect as an indication of
the dynamical role of light vector mesons in the electromagnetic transition
processes. We predict that the D∗s0(2317) and D
∗
s1(2460) have small coupling
strength to the K∗D∗ and φD∗s channels despite the decisive role played by
these degrees of freedom in the radiative decay processes.
Finally we point out that the invariant η D∗ invariant mass distribution shows
a signal of a member of an exotic axial-vector sextet at a mass of 2568 MeV and
with a width of 18 MeV. While that state decouples from the πD∗ spectrum,
its heavy-quark partner defines a narrow dip at a mass of 2410 MeV and with
a width of 2 MeV in the π D mass distribution.
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Appendix A
The modulus of the coupling constant gP appearing in the Lagrangian (37)
can be determined from the measured strong D∗-meson decay widths [21]
ΓD∗+→D0 pi+ = (65.0± 14.9) keV ,
ΓD∗+→D+ pi0 = (29.5± 6.8) keV . (134)
Using
ΓD∗+→D0 pi+ =
|gP |2
12 π
q3cm
f 2
, qcm = 39.60MeV ,
ΓD∗+→D+ pi0 =
|gP |2
24 π
q3cm
f 2
, qcm = 38.30MeV , (135)
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leads to
|gP | = 0.57± 0.07 . (136)
The modulus of the coupling constants eQ and eC introduced in the Lagrangian
(55) can be determined from the observed branching ratios for the radiative
decays D∗+ → D+ γ, D∗0 → D0 γ and D∗+s → D+s γ [21]. The total widths of
the D∗0 and of the D∗+s are not known. They are the sums of the strong and
radiative widths. The strong widths associated with π0 emission,
ΓD∗0→D0 pi0 =
|gP |2
24 π
q3cm
f 2
≃ 42 keV , qcm = 43.12MeV ,
ΓD∗+s →D+s pi0 =
|ǫ gP |2
18 π
q3cm
f 2
≃ ǫ2 77 keV , qcm = 47.87MeV , (137)
are calculated using the value of |gP | derived above. ǫ is the π0η mixing an-
gle (10). From the data on the D∗+ → D+γ partial width and the known
branching ratios of the D∗0 and D∗+s into the π
0D0 and π0D+s channels [21],
we obtain
ΓD∗+→D+ γ = (1.5± 0.8) keV ,
ΓD∗0→D0 γ = (ΓD∗0→D0 γ + 42 keV)× (0.381± 0.029)
= (26.0± 3) keV ,
ΓD∗+s →D+s γ = (ΓD∗+s →D+s γ + ǫ
2 77 keV)× (0.942± 0.007)
= ǫ2 (1328± 180) keV . (138)
From the Lagrangian (55), we derive
ΓD∗+→D+ γ =
M2D∗+
4 π
(eQ − 3 eC)2
9M4V
q3cm , qcm = 135.78MeV ,
ΓD∗0→D0 γ =
M2D∗04 π (2 eQ + 3 eC)
2
9M4V
q3cm , qcm = 137.16MeV ,
ΓD∗+s →D+s γ =
M2
D∗+s
4 π
(eQ − 3 eC)2
9M4V
q3cm , qcm = 138.91MeV . (139)
From the first two constraints of (138), we get
|eQ − 3 eC | ≃ 0.537+0.128−0.170 , |2 eQ + 3 eC | ≃ 2.201+0.124−0.131 ,
i.e. eQ = 0.91± 0.10 , eC = 0.13± 0.05 , (140)
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where we assume MV = 2000 MeV. Using (140) and taking ǫ ≃ 0.01 in the
third constraint overestimates the D∗+s → D+s γ decay rate by an order of
magnitude (∼1.9 keV rather than ∼ 0.13 keV). This may be a signal of SU(3)
breaking effects in eQ or suggest the need for an increased value of ǫ. For
ǫ = 0.01 and eC = 0.13, an effective eQ ≃ 0.52 reproduces the empirical
width.
The modulus of the coupling constant eA appearing in (62) is determined from
the radiative decay of the light vector mesons, K∗0 → K0γ,K∗± → K±γ and
φ→ ηγ. From the Lagrangian (62), we obtain
ΓK∗±→K±γ =
|eA|2
24× 144 π
m5K∗±
m2V f
2
(
1− m
2
K±
m2K∗±
)3
,
ΓK∗0→K0 γ =
|eA|2
24× 36 π
m5K∗0
m2V f
2
(
1− m
2
K0
m2K∗0
)3
,
Γ φ→ η γ =
|eA|2
24× 54 π
m5φ
m2V f
2
(
1− m
2
η
m2φ
)3
, (141)
where we will assume f = 90 MeV and mV = 776 MeV. The experimental
decay widths [21] imply conflicting values for eA. We find
ΓK∗0→K0γ = (116 ± 10) keV , → |eA| = 0.119± 0.006 ,
ΓK∗±→K±γ = (50 ± 5) keV , → |eA| = 0.090± 0.004 ,
Γφ→ η γ = (55.38 ± 1.68) keV , → |eA| = 0.053± 0.001 . (142)
Appendix B
To work out the implications of the heavy-quark symmetry of QCD, it is useful
to introduce auxiliary fields, P±(x) and P
µ
±(x) such that
D(x) = e−i (v·x)Mc P+(x) + e
+i (v·x)Mc P−(x) ,
Dµν(x) = i e−i (v·x)Mc
{
vµ P ν+(x)− vν P µ+(x) +
i
Mc
(
∂µP ν+ − ∂νP µ+
)}
+ i e+i (v·x)Mc
{
vµ P ν−(x)− vν P µ−(x)−
i
Mc
(
∂µP ν− − ∂νP µ−
)}
,(143)
with a 4-velocity normalized by v2 = 1. The mass Mc is an averaged value of
the pseudoscalar and vector charmed meson ground state masses. The fields
P±(x) and P
µ
±(x) are therefore varying slowly in space and time and their
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derivatives are small compared toMc vα P . In the limitMc →∞, these deriva-
tives can be neglected.
We rewrite the interaction terms introduced in (37, 60, 65) in terms of the
auxiliary fields. Restricting the Lagrangian density to the ’plus’ components
and dropping that index for simplicity, we have
L= i gP Mc
f
{
Pµ (∂
µΦ) P¯ − P (∂µΦ) P¯µ
}
+ i
g˜P Mc
f
vµ ǫ
µναβ Pν (∂αΦ) P¯β
− gV Mc
f
vµ P (∂αV
αµ) P¯ +
g˜V Mc
f
vµ Pν (∂αV
αµ) P¯ ν
+ i
g˜T M
2
c
4 f
vα ǫ
µναβ
{
Pβ Vµν P¯ − P Vµν P¯β
}
+ i
gT M
2
c
2 f
Pµ V
µν P¯ν
+
eP Mc
f
F µν
{
Pµ [(∂νΦ), Q] P¯ − P [(∂νΦ), Q] P¯µ
}
+
e˜P Mc
f
Fµν vτ ǫ
ταµβ Pα [(∂νΦ), Q] P¯β
+ · · · , (144)
where the ellipses stand for additional terms involving derivatives of the soft
fields P = P+ and P
µ = P µ+ and the ’minus’ components. In deriving (144)
we used the equation of motion of the auxiliary field P µ±(x),
∓iMc vµ P µ± + ∂µ P µ± = 0 , (145)
obtained from the equation of motion of the field Dµν ,
∂µ∂αD
αν − ∂ν∂αDαµ +M2c Dµν = 0 . (146)
The QCD action depends linearly on the charm-quark mass. The effective La-
grangian (144) should therefore be proportional toMc. The coupling constants
gP,V and g˜P,V must then approach a finite value in the limit of infinite charm-
quark mass. The same argument requires the coupling constants gT and g˜T to
scale with 1/Mc. The fact that there is no term proportional to gE displayed
in (144) signals that the corresponding interaction term is at least subleading
in the heavy-quark mass expansion. Note that this observation is compatible
with a possible finite and non-zero value of the asymptotic value of gE in the
heavy-quark mass limit.
In the limit of infinite quark mass, the fields P± and P
µ
± may be combined into
a multiplet involving the 1− and 0− fields. Therefore the properties of pseu-
doscalar and vector states should be closely related. We follow the formalism
developed in [26,27,28,29,30] and introduce the multiplet field H ,
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H =
1
2
(
1 + /v
) (
γµ P
µ
+ + i γ5 P+
)
H¯ = γ0H
† γ0 =
(
P †+,µ γ
µ + P †+ i γ5
) 1
2
(
1 + /v
)
,
P µ+ vµ = 0 , v
2 = 1 , (147)
in terms of which the interaction Lagrangian can be recast. Let S denote a
transformation of the heavy-quark spin symmetry group SU(2)v whose ele-
ments are characterized by the 4-vector θα with θ · v = 0. According to [56]
under such a transformation the field H transforms as
H → e−i Sα θα H , H¯ → γ0 (e−i Sα θα H)† γ0 = H¯ e+i Sα θα ,
Sα =
1
2
γ5 [/v, γ
α] , S†α γ0 = γ0 Sα , [/v, Sα]− = 0 . (148)
Under a Lorentz transformation characterized by the antisymmetric tensor
ωµν , the spinor part of the fields transforms as
H → ei Sµν ωµν H e−i Sµν ωµν , H¯ → ei Sµν ωµν H¯ e−i Sµν ωµν ,
Sµν =
i
4
[γµ, γν] . (149)
Only the combinations where Dirac matrices are to the right of the field H
or to the left of the field H¯ are invariant under the spin group SUv(2). It is
straightforward to construct those terms that can be matched to the structures
given in (144). We introduce
L = − fP
2
tr
(
H (∂µΦ) γ5 γµ H¯
)
+ i
f¯P
2
F µν tr
(
H γ5 γµ
[
(∂ν Φ), Q
]
H¯
)
− fV
2
tr
(
H (∂αV
αµ) γµ H¯
)
+ i
f¯V
2
F µν tr
(
H γµ
[
(∂αVαν), Q
]
H¯
)
+
fT
8
tr
(
H V µν σµν H¯
)
− i f¯T
8
tr F µν
(
H [V να, Q] σµα H¯
)
,
+
f¯E
4
F µν tr
(
H {V µν , Q} H¯
)
, (150)
where we note that the field H is a three-dimensional row in flavour space,
each of its components consisting of a 4-dimensional Dirac matrix. We have
tr γ5 γµ γν γα γβ = −4 i ǫµναβ , (151)
in our convention. Matching the expressions (144, 150) we obtain
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gP Mc
f
=
g˜P Mc
f
= fP ,
eP Mc
f m2V
=
e˜P Mc
f m2V
= f¯P ,
gV Mc
f
=
g˜V Mc
f
= fV ,
eV Mc
f m2V
=
e˜V Mc
f m2V
= f¯V ,
gT M
2
c
f
=
g˜T M
2
c
f
= fT ,
eT M
2
c
f
=
e˜T M
2
c
f
= f¯T ,
eE M
2
c
f
=
e˜EM
2
c
f
= f¯E . (152)
We turn to the terms (55, 57). Applying the ansatz (143) we derive
Le.m. = i
2
F µν vα ǫµναβ
{
P β
(
eC + eQQ
)
P¯ − P
(
eC + eQQ
)
P¯ β
}
+ i F µν Pµ
(
− e˜C + e˜QQ
)
P¯ν + · · · . (153)
where we identify Mc = MV for convenience. Like in (144), we drop in (153)
additional irrelevant terms. The interaction terms displayed in (153) are readi-
ly reproduced using the heavy-quark multiplet field H . We follow [48,50] and
write
Le.m. = +eQ
4
Fµν trH Qσµν H¯ +
eC
4
Fµν trσµν H H¯ , (154)
where the term proportional to eQ respects the heavy-quark symmetry, but the
term proportional to eC breaks it. We expect |eQ| ≫ |eC | since the parameter
eC should vanish in the heavy-quark limit. The requirement that (153) and
(154) agree yields the desired relations
e˜C = eC , e˜Q = eQ . (155)
Note that the empirical values (140) confirm the expectation |eQ| ≫ |eC |.
Finally we provide an analysis of the effective resonance interaction terms (74,
80). Assuming a decomposition analogous to (143) for the resonance fields R
and Rµν , we introduce a resonance multiplet field
S =
1
2
(
1 + /v
) (
γ5 γµR
µ
+ +R+
)
,
S¯ = γ0 S
† γ0 =
(
R†+,µ γ5 γµ +R
†
+
) 1
2
(
1 + /v
)
, vµRµ+ = 0 , (156)
where the field S transforms like the field H under a spin rotation (see 148).
At leading order in a heavy-quark mass expansion, the interaction terms (74,
80) are described by
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L = fH
4
tr
(
S γµ (∂τV
τµ) H¯ +H γµ (∂τV
τµ) S¯
)
+
fR
4
tr
(
S γ5 γµ (∂
µΦ) H¯ +H γ5 γµ (∂
µΦ) S¯
)
, (157)
which implies the identifications
gRMc
f
=
g˜RMc
f
= fR ,
gH M
2
c
f
=
g˜H M
2
c
f
=
gˆH M
2
c
f
= fH . (158)
Appendix C
All tensor integrals will be decomposed into scalar objects of the form
Iab = −i
∫
d4l
(2π)4
Sa(l)Sb(l + p) , I¯ab = −i
∫
d4l
(2π)4
Sa(l)Sb(l + p¯) ,
Jabc = +i
∫
d4l
(2π)4
Sa(l)Sb(l + q)Sc(l + p) ,
J¯abc = +i
∫ d4l
(2π)4
Sa(l)Sb(l + p¯)Sc(l + p) . (159)
We introduce the two integrals Jabc and J¯abc even though Jabc = J¯cba as this
redundancy will be used for a consistency check of the numerical simulation.
The integrals Iab and I¯ab are ultraviolet divergent and read (see(15))
Iab(s) =
1
16 π2
(
pab√
s
(
ln
(
1− s− 2 pab
√
s
m2b +m
2
a
)
− ln
(
1− s+ 2 pab
√
s
m2b +m
2
a
))
+
(
1
2
m2b +m
2
a
m2b −m2a
− m
2
b −m2a
2 s
)
ln
(
m2b
m2a
)
+ 1
)
+ Iab(0) ,
p2ab =
s− (ma +mb)2
4 s
(
s− (ma −mb)2
)
, (160)
where the logarithmic divergence sits in the subtraction term Iab(0). The dif-
ference Iab(s)− Iab(0) is finite. According to the discussion of Section 3.3, we
define the renormalized expressions
Iab → Iab(p2)− Iab(µ2M) , I¯ab → Iab(p¯2)− Iab(µ2M) , (161)
with the matching scale µM . The integrals Jabc and J¯abc are finite. They may
be evaluated in terms of their dispersion-integral representations
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Jabc=
∞∫
(ma+mc)2
d s
π
ρ
(+)
abc (s)
s− p2 − i ǫ , J¯abc =
∞∫
(ma+mc)2
d s
π
ρ
(−)
abc (s)
s− p2 − i ǫ , (162)
with the spectral densities
ρ
(±)
abc (s) =
√
p2ac
8 π
√
s
log
(
−µ2±,abc +
√
p2ac k
2
)
− log
(
−µ2±,abc −
√
p2ac k
2
)
2
√
p2ac k
2
,
µ2±,abc =
(
m2c −m2a ∓ p¯2
2
√
s
)2
− p2ac − 14 k2 −m2b ,
k2 =
(
p¯2√
s
)2
+ s− 2 p¯2 ,
√
s =
√
m2a + p
2
ac +
√
m2c + p
2
ac , (163)
We wrote the logarithm so as to ensure a smooth spectral density. It is impor-
tant to impose the dispersion-integral representation in terms of the proper
variables, i.e. keeping q2 = 0 and p¯2 = (p − q)2 fixed. This implies that the
spectral densities have an implicit dependence on p¯2 = p2−2 p ·q. The alterna-
tive representation of the integrals Jabc and J¯abc derived through an application
of Feynman’s parametrization is also useful. We have
Jabc =
∫
Θ[z2 − z22 ] Θ[z1 − z21 ] Θ[z1 − z2]dz1 dz2/(16π2)
(m2c − z1 p2) (1− z1) + z1m2a + 2 (1− z1) z2 (p · q) + z2 µ2ba
,
J¯abc =
∫
Θ[z2 − z22 ] Θ[z1 − z21 ] Θ[1− z1 − z2] dz1 dz2/(16π2)
(m2c − z1 p2) (1− z1) + z1m2a + 2 z1 z2 (p · q) + z2 µ2bc
, (164)
where we used q2 = 0 and µ2bc = m
2
b − m2c . Depending on the values of the
various mass parameters either (162) or (164) may be more economical in a
numerical simulation. If p2 > (ma+mc)
2 for instance, the representation (162)
is advantageous, the integrals being complex. We performed numerical checks
using (162) or (164) and verify that the identity Jabc = J¯cba is indeed satisfied.
Appendix D
We provide explicit expressions for the contributions of the φD∗s and K
∗D∗
channels to the decay amplitude (85). The latter are linear in the resonance
coupling constant gH introduced in (80). We obtain
iMαβ,µ0+→γ 1− =
e gH
2 f 2
{
gT E
αβ,µ
+,φD∗s
(p¯, p) + g˜V
(
Eαβ,µφD∗s (p¯, p) + E
αβ,µ
−,φD∗s (p¯, p)
)}
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+
gH
4 f 2M2V
[
e˜C − e + e˜Q
3
] {
gT Eˆ
αβ,µ
+,φD∗s
(p¯, p)
+g˜V
(
Eˆαβ,µφD∗s (p¯, p) + Eˆ
αβ,µ
−,φD∗s (p¯, p)
)}
+
e gH
2 f 2
{
gT E
αβ,µ
+,K∗D∗(p¯, p) + g˜V
(
Eαβ,µK∗D∗(p¯, p) + E
αβ,µ
−,K∗D∗(p¯, p)
)}
+
gH
2 f 2M2V
[
e˜C − e
2
− e˜Q
6
] {
gT Eˆ
αβ,µ
+,K∗D∗(p¯, p)
+g˜V
(
Eˆαβ,µK∗D∗(p¯, p) + Eˆ
αβ,µ
−,K∗D∗(p¯, p)
)}
− e gH
2 f 2
{
gT E
αβ,µ
−,D∗K∗(p¯, p) + g˜V
(
Eαβ,µD∗K∗(p¯, p) + E
αβ,µ
+,D∗K∗(p¯, p)
)}
− gH
2 f 2m2V
{
eT E¯
αβ,µ
−,D∗K∗(p¯, p) + e˜V
(
E¯αβ,µD∗K∗(p¯, p) + E¯
αβ,µ
+,D∗K∗(p¯, p)
)}
+
e˜E gH
3 f 2m2V
{
E˜αβ,µD∗K∗(p¯, p) + 2 E˜
αβ,µ
D∗sφ
(p¯, p)
}
+
(eC + eQ/6) gH
4 f 2M2V
{
g˜T F¯
αβ,µ
K∗DD∗(p¯, p) + gE F
αβ,µ
K∗DD∗(p¯, p)
}
+
(eC − eQ/3) gH
8 f 2M2V
{
g˜T F¯
αβ,µ
φDsD∗s
(p¯, p) + gE F
αβ,µ
φDsD∗s
(p¯, p)
}
− eA g˜P gH
48 f 3mV
{
F αβ,µD∗KK∗(p¯, p) + F¯
αβ,µ
D∗KK∗(p¯, p)
}
− eA g˜P gH
36 f 3mV
{
F αβ,µD∗s η φ (p¯, p) + F¯
αβ,µ
D∗s η φ
(p¯, p)
}
, (165)
with
Eαβ,µab (p¯, p) = −i
∫
d4l
(2π)4
gρ¯ρ S
αρ¯
a (l)
{
Sβ,µρb (p¯+ l) + S
µβ,ρ
b (p+ l)
+gκ¯κ
{
Sβκ¯b (p¯+ l)S
µκ,ρ
b (p+ l) + S
β,µκ¯
b (p¯+ l)S
κρ
b (p+ l)
}}
,
Eαβ,µ−,ab (p¯, p) = −i
∫
d4l
(2π)4
Sa,σρ(l)
{
p¯α Sσβ,µρb (p¯+ l) + g
µα Sσβ,ρb (p+ l)
+p¯α gκ¯κ
{
Sσβ,κ¯b (p¯+ l)S
µκ,ρ
b (p+ l) + S
σβ,µκ¯
b (p¯+ l)S
κρ
b (p+ l)
}}
,
Eαβ,µ+,ab (p¯, p) = − i
∫
d4l
(2π)4
gρ¯ρ gσ¯σ S
σ¯β,ρ¯
a (l)
{
p¯α Sσ,µρb (p¯+ l)
+p¯α Sµσ,ρb (p+ l) + g
αµ Sσρb (p+ l)
+p¯α gκ¯κ
{
Sσκ¯b (p¯+ l)S
µκ,ρ
b (p+ l) + S
σ,µκ¯
b (p¯+ l)S
κρ
b (p+ l)
}}
,
Eˆαβ,µab (p¯, p) = −i
∫ d4l
(2π)4
gρ¯ρ S
αρ¯
a (l)
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{
qκ
{
Sβκb (p¯+ l)S
µρ
b (p+ l)− Sβµb (p¯+ l)Sκρb (p+ l)
}}
,
Eˆαβ,µ−,ab (p¯, p) = −i
∫
d4l
(2π)4
Sa,σρ(l){
p¯α qκ
{
Sσβ,κb (p¯+ l)S
µρ
b (p+ l)− Sσβ,µb (p¯+ l)Sκρb (p+ l)
}}
,
Eˆαβ,µ+,ab (p¯, p) = − i
∫ d4l
(2π)4
gρ¯ρ gσ¯σ S
σ¯β,ρ¯
a (l){
p¯α qκ
{
Sσκb (p¯+ l)S
µρ
b (p+ l)− Sσµb (p¯+ l)Sκρb (p+ l)
}}
,
E¯αβ,µab (p¯, p) = −i
∫ d4l
(2π)4
gρ¯ρ S
αρ¯
a (l)S
τρ
b (p+ l)
(
gµτ q
β − gµβ qτ
)
,
E˜αβ,µab (p¯, p) = +2 i
∫
d4l
(2π)4
gρ¯ρ S
βρ¯
a (l) p¯
α Sτµ,ρb (p+ l) qτ ,
E¯αβ,µ+,ab (p¯, p) = − i
∫
d4l
(2π)4
gρ¯ρ S
σβ,ρ¯
a (l) p¯
α Sτρb (p+ l)
(
gµτ qσ − gµσ qτ
)
,
E¯αβ,µ−,ab (p¯, p) = − i
∫
d4l
(2π)4
gρ¯ρ S
σρ¯
a (l) p¯
α Sβτ,ρb (p+ l)
(
gµτ qσ − gµσ qτ
)
F¯ αβ,µabc (p¯, p) = − 2 i
∫
d4l
(2π)4
S τ¯ρa (l) qν ǫ
µν
στ ǫ
αβ
σ¯τ¯
×(p¯ + l)τ (p¯+ l)σ¯ Sb(p¯ + l)Sσc,ρ(p+ l) ,
F αβ,µabc (p¯, p) = − 2 i
∫ d4l
(2π)4
Sµ¯ν¯,ρa (l) qν ǫ
µν
στ ǫ
σ¯β
µ¯ν¯
×(p¯ + l)τ (p¯+ l)σ¯ p¯α Sb(p¯+ l)Sσc,ρ(p+ l) . (166)
The evaluation of the decay constant d0+→γ1− defined in (87) is done by con-
tracting the gauge-invariant tensors (88, 90, 91, 93) and (166) with the anti-
symmetric tensor
P
(1−)
αβ,µ = −
1
2
({
gµα − p
µ qα
p · q
}
p¯β −
{
gµβ − p
µ qβ
p · q
}
p¯α
)
. (167)
We derive the required contractions in terms of the master loop integrals
Iab, I¯ab, Jabc and J¯abc introduced in (159). Following the arguments of Section
3.3, reduced tadpole integrals are dropped systematically. Using the notation
p2 = M2i and (p− q)2 =M2f , we have
8 (p · q)M2i P (1−)αβ,µ Aαβ,µab =
[
M6i −
(
m2a −m2b + 2M2f
)
M4i
−M2f
(
2m2a − 2m2b +M2f
)
M2i +
(
m2a −m2b
)
M4f
]
Iab
69
+2M2f
(
m2a −m2b +M2f
)
M2i I¯ab + 4m
2
aM
2
f M
2
i
(
M2i −M2f
)
Jaab ,
48 (p · q)M4i P (1−)αβ,µ A¯αβ,µab = −
(
M2f −M2i
)2 [− (3 (m2a +m2b)−M2f )M4i
+3M6i +
(
m2a +m
2
b
)
M2f M
2
i − 2
(
m2a −m2b
)2
M2f
]
Iab ,
8 (p · q)M2i P (1−)αβ,µ Bαβ,µab =
[ (
M4f − 2M2i M2f −M4i
)
m2a
+M2i
(
M4f + 2M
2
i M
2
f −M4i
)
+m2b
(
−M4f + 2M2i M2f +M4i
) ]
Iab
− 2M2f
(
−m2a +m2b +M2f
)
M2i I¯ab + 4m
2
b M
2
f M
2
i
(
M2f −M2i
)
J¯abb ,
8 (p · q)M2i P (1−)αβ,µ Cαβ,µabc =
[
2
(
m2a −m2c
)
M6f + 6M
4
i M
4
f
−2
(
3m2a − 2m2b −m2c +M2f
)
M2i M
4
f − 4M6i M2f
]
Iac
+2M2fM
2
i
[ (
2m2a − 3m2b +m2c −M2f
)
M2f +
(
m2b −m2c +M2f
)
M2i
]
I¯bc
− 4M2f M2i
[
−m2b M4f +
(
m2a −m2b
)2
M2f + 2m
2
b M
2
i M
2
f −m2b M4i
]
Jabc ,
12 (p · q)M4i P (1−)αβ,µ C¯αβ,µabc = −
[ (
4m2c − 2m2a
) (
M3f −MfM2i
)2
m2a
+
( (
M2f −M2i
)2 (
M2f + 3M
2
i
)
− 3m2b
(
M4f − 3M2f M2i
) )
M2i m
2
a
−
(
m2c −M2i
) (
M2f −M2i
)2 (−3M4i +M2f M2i + 2m2c M2f )
+3m2b M
2
i
(
M2i −M2f
) (
2M4i −M2f M2i −m2c M2f
)
− 6m4b M2f M4i
]
Iac
− 3m2b M4i
[
M2f
(
−2m2a + 3m2b −m2c +M2f
)
−
(
m2b −m2c +M2f
)
M2i
]
I¯bc
− 6m2b M4i
[
−m2b M4f +
(
m2a −m2b
)2
M2f + 2m
2
b M
2
i M
2
f −m2b M4i
]
Jabc ,
12 (p · q)M4i P (1−)αβ,µ Dαβ,µabc =
[
− 6
(
m2b −m2c
) (
m2b +M
2
i
)
M6i
− 3
(
M2i −M2f
) ( (
m2a − 5m2b + 3m2c
)
M2i
+m2b
(
m2a − 2m2b +m2c
) )
M4i
+2
(
M2i −M2f
)3 (
m4a − 2
(
m2c +M
2
i
)
m2a +m
4
c − 2M4i +m2cM2i
)
−
(
M3i −M2f Mi
)2 (
2m4a −
(
3m2b + 4m
2
c + 10M
2
i
)
m2a
+2
(
m2c −M2i
)2
+ 3m2b
(
m2c +M
2
i
) )
+ 3
(
M2i −M2f
)
M8i
]
Iac
+3
(
m2b +M
2
f
)
M4i
[
M2f
(
−m2a + 3m2b − 2m2c +M2f
)
−
(
−m2a +m2b +M2f
)
M2i
]
I¯ab
70
+6
(
m2b +M
2
f
)
M4i
[
M2f m
4
b −
(
2m2cM
2
f +
(
M2f −M2i
)2 )
m2b
+m4c M
2
f
]
J¯abc ,
96M2f M
4
i (p · q)P (1−)αβ,µ Eαβ,µab = −3M2f M2i
[
− 4
( (
m2a −M2i
)2 −m4b)M4i
+
(
−m2a +m2b +M2i
) (
M2i −M2f
) (
−m2a − 3m2b + 7M2i
)
M2i
+
(
M2f −M2i
)2 (−3M4i − 2 (m2a + 3m2b)M2i + (m2a −m2b)2
) ]
Iab
+
[
−
(
5M4f −
(
7m2a +m
2
b
)
M2f + 2
(
m2a −m2b
)2 )
M8i − 17M4f m4aM4i
−M2f
(
−7m4a + 2
(
m2b +M
2
f
)
m2a + 5m
4
b + 5M
4
f − 22m2b M2f
)
M6i
−M4f
((
2m2b − 19M2f
)
m2a − 19m4b + 2M4f + 23m2b M2f
)
M4i
]
I¯ab
− 6m2b M2f M4i
(
M2f −M2i
) [
−M4i +
(
−5m2a +m2b +M2f
)
M2i
+M2f
(
9m2a + 3m
2
b − 4M2f
) ]
J¯abb ,
96M2f M
4
i (p · q)P (1−)αβ,µ Eαβ,µ+,ab = 6M2f M2i
[
M8i − 2
(
m2a − 2m2b
)
M6i
+
(
m4a + 4m
2
b m
2
a − 5m4b − 4m2b M2f
)
M4i
+M2f
(
2m4a +
(
8m2b − 3M2f
)
m2a − 10m4b +M4f − 7m2b M2f
)
M2i
+
(
m2a −m2b
)
M4f
(
−m2a − 5m2b +M2f
) ]
Iab
+6M4f M
4
i
(
−m2a +m2b +M2f
) (
2m2a + 10m
2
b +M
2
f − 3M2i
)
I¯ab
− 12m2b M4f M4i
(
2m2a + 10m
2
b +M
2
f − 3M2i
) (
M2f −M2i
)
J¯abb ,
96M2f M
4
i m
2
b (p · q)P (1−)αβ,µ Eαβ,µ−,ab = 3M2f M2i[
− 4m2b
(
5m2a +m
2
b −M2i
) (
−m2a +m2b +M2i
)
M4i
+
(
M2f −M2i
)3 (
m4a −m4b +M4i − 2
(
m2a − 2m2b
)
M2i
)
+
(
M2i −M2f
) (
m4a + 36m
2
b m
2
a + 11m
4
b +M
4
i
− 2
(
m2a + 10m
2
b
)
M2i
)
M4i
+2m2b
(
M2f −M2i
)2 (− 5m4a + 4m2bm2a +m4b + 9M4i
− 2
(
5m2a + 2m
2
b
)
M2i
)]
Iab
+M2f M
4
i
[
2M8f −
(
m2a + 25m
2
b
)
M6f +
(
−m4a + 56m2b m2a + 17m4b
)
M4f
−
(
−5m4a +
(
4M2f − 8m2b
)
m2a + 13m
4
b +M
4
f − 2m2b M2f
)
M2i M
2
f
+12m2b
(
−5m4a + 4m2b m2a +m4b
)
M2f
−
(
M4f −
(
5m2a + 11m
2
b
)
M2f + 4
(
m2a −m2b
)2 )
M4i
]
I¯ab
+6m2b M
4
f M
4
i
(
M2i −M2f
) [
4
(
5m2a +m
2
b −M2i
)
m2b − 2
(
M2f −M2i
)2
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+
(
M2i −M2f
) (
−3m2a +m2b + 3M2i
) ]
J¯abb ,
48M4i M
2
f P
(1−)
αβ,µ Eˆ
αβ,µ
ab =M
2
f
[
− 3M10i + 2
(
3m2a + 6m
2
b +M
2
f
)
M8i
−
(
3m4a + 2
(
12m2b +M
2
f
)
m2a + 9m
4
b −M4f + 5m2b M2f
)
M6i
− 2M2f
(
m4a − 9m2b m2a − 2m4b + 2
(
m2a +m
2
b
)
M2f
)
M4i
+M2f
(
7m2b m
4
a − 8m4b m2a −m6b +
(
5m4a − 6m2b m2a + 5m4b
)
M2f
)
M2i
+2M2f m
6
aM
2
i − 2
(
m2a −m2b
)2 (
m2a +m
2
b
)
M4f
]
Iab
+M4i
[
4
(
M2i −M2f
)
m6a − 3
((
m2b − 2M2f
)
M2f + 2
(
m2b +M
2
f
)
M2i
)
m4a
+m2b M
2
f
(
6m2b + 25M
2
f − 13M2i
)
m2a +
(
m2b +M
2
f
) (
− 2M6f
+2M2i M
4
f +m
4
b
(
M2f + 2M
2
i
)
+m2b
(
4M4f − 7M2f M2i
) )]
I¯ab
+6m4b M
2
f M
4
i
(
3m2a +m
2
b −M2i
) (
M2i −M2f
)
J¯abb ,
24M2i P
(1−)
αβ,µ Eˆ
αβ,µ
+,ab = −M2f
[
3m2b
(
−m2a +m2b +M2i
)
M2i
+
(
M2i −M2f
) (
m4a +
(
m2b − 2M2i
)
m2a − 2m4b +M4i +m2b M2i
) ]
Iab
+
[
3
(
m4a − 2
(
m2b +M
2
f
)
m2a +
(
m2b −M2f
)2 )
M4i
− 3M2f
(
m4a −
(
m2b + 2M
2
f
)
m2a +M
4
f − 3m2b M2f
)
M2i
]
I¯ab
+6m4b M
2
f M
2
i
(
M2i −M2f
)
J¯abb ,
48M2i P
(1−)
αβ,µ Eˆ
αβ,µ
−,ab =
[
− 6
(
m2a − 2m2b
)
M2i M
4
f
+3
(
m4a −m4b
)
M4f + 3
(
M2f − 4m2b
)
M4i M
2
f
]
Iab
+M2i
[ (
−5m4a + 4m2b m2a +m4b − 8M4f +
(
13m2a +m
2
b
)
M2f
)
M2f
+
(
5M4f −
(
7m2a +m
2
b
)
M2f + 2
(
m2a −m2b
)2 )
M2i
]
I¯ab
− 6m2b M2f M2i
(
M2f −M2i
) (
m2a +m
2
b − 2M2f +M2i
)
J¯abb ,
48M4i P
(1−)
αβ,µ E¯
αβ,µ
ab =
(
M2i −M2f
) [
3M8i −
(
6
(
m2a +m
2
b
)
−M2f
)
M6i
+
(
3
(
m4a + 10m
2
b m
2
a +m
4
b
)
− 4
(
m2a +m
2
b
)
M2f
)
M4i
+
(
5m4a − 6m2b m2a + 5m4b
)
M2f M
2
i
− 2
(
m2a −m2b
)2 (
m2a +m
2
b
)
M2f
]
Iab ,
12M2i P
(1−)
αβ,µ E˜
αβ,µ
ab =M
2
f
(
M2i −M2f
) [
− 5m4a + 4
(
m2b +M
2
i
)
m2a
+
(
m2b −M2i
)2 ]
Iab ,
24M2i P
(1−)
αβ,µ E¯
αβ,µ
+,ab =M
2
f
(
M2i −M2f
) [
m4a +
(
4m2b − 2M2i
)
m2a
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− 5m4b +M4i + 4m2b M2i
]
Iab ,
24M2i P
(1−)
αβ,µ E¯
αβ,µ
−,ab = −M2f
(
M2i −M2f
) [
− 5m4a + 4
(
m2b +M
2
i
)
m2a
+
(
m2b −M2i
)2 ]
Iab
12M2i M
2
f (p · q)P (1−)αβ,µ F αβ,µabc = 3m2am2c M2f
[
2M6i − 3M2f M4i
+M2f
(
−m2a − 2m2b + 3m2c +M2f
)
M2i +
(
m2a −m2c
)
M4f
]
Iac
+m2aM
2
i
[(
3m2c
(
3M2f −M2i
)
M2f + 4
(
m2a +M
2
f
) (
M2f −M2i
)2 )
m2b
− 2
(
M2f −M2i
)2
m4b − 6m4c M4f − 2
(
m2a −M2f
)2 (
M2f −M2i
)2
+3m2cM
2
f
(
M2f −m2a
) (
M2f −M2i
) ]
I¯ab
+6m2am
2
c M
2
f M
2
i
[
M2f m
4
b −
(
2m2cM
2
f +
(
M2f −M2i
)2 )
m2b
+m4c M
2
f
]
J¯abc ,
12M2i M
2
f (p · q)P (1−)αβ,µ F¯ αβ,µabc = 3m2c M4f
[
2M6i − 3M2f M4i
+
(
m2a −m2c
)
M4f +M
2
f
(
−m2a − 2m2b + 3m2c +M2f
)
M2i
]
Iac
−M2f M2i
[
−
(
3m2c
(
3M2f −M2i
)
M2f + 4
(
m2a +M
2
f
) (
M2f −M2i
)2 )
m2b
+2
(
M2f −M2i
)2
m4b + 6m
4
c M
4
f + 2
(
m2a −M2f
)2 (
M2f −M2i
)2
+3m2cM
2
f
(
M2f −m2a
) (
M2i −M2f
) ]
I¯ab
+6m2cM
4
f M
2
i
[
M2f m
4
b −
(
2m2c M
2
f +
(
M2f −M2i
)2 )
m2b
+m4c M
2
f
]
J¯abc . (168)
Appendix E
We provide the contributions of the φD∗s and K
∗D∗ channels to the decay
amplitude Mµ,αβ1+→γ0− introduced in (96). All terms are linear in the coupling
constant gˆH (see (80)). We obtain
Mµ,αβ1+→γ0− =
e g˜T gˆH
8 f 2
{
F µ,αβ−,φD∗s (p¯, p) + E
µ,αβ
+,D∗K∗(p¯, p) + F
µ,αβ
−,K∗D∗(p¯, p)
}
+
e gE gˆH
8 f 2
{
F µ,αβ+,φD∗s (p¯, p) + E
µ,αβ
−,D∗K∗(p¯, p) + F
µ,αβ
+,K∗D∗(p¯, p)
}
+
gˆH
16 f 2M2V
[
e˜C − e + e˜Q
3
] {
gE Fˆ
µ,αβ
+,φD∗s
(p¯, p) + g˜T Fˆ
µ,αβ
−,φD∗s (p¯, p)
}
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+
gˆH
8 f 2M2V
[
e˜C − e
2
− e˜Q
6
] {
gE Fˆ
µ,αβ
+,K∗D∗(p¯, p) + g˜T Fˆ
µ,αβ
−,K∗D∗(p¯, p)
}
+
e˜T gˆH
8 f 2m2V
E¯µ,αβD∗K∗(p¯, p) +
(2 eC + eQ/3) gˆH
4 f 2M2V
gV H
µ,αβ
K∗DD∗(p¯, p)
+
(eC − eQ/3) gˆH
4 f 2M2V
gV H
µ,αβ
φDsD∗s
(p¯, p)
+
eA gP gˆH
24 f 3mV
Gµ,αβD∗KK∗(p¯, p) +
eA gP gˆH
18 f 3mV
Gµ,αβD∗sηφ(p¯, p) , (169)
with
Eµ,αβ+,ab (p¯, p) = −i
∫
d4l
(2π)4
ǫ β
α˜β˜τ
ǫα¯β¯σ¯τ¯ S
τ¯ ,α˜β˜
a (l)
{
p¯σ¯ pα Sα¯β¯,µτb (p¯+ l)
+ p¯σ¯ gµα Sα¯β¯,τb (p¯+ l) + g
σ¯µ pα Sα¯β¯,τb (p+ l)
+ p¯σ¯ pα gκ¯κ
{
Sα¯β¯,κ¯b (p¯+ l)S
µκ,τ
b (p+ l) + S
α¯β¯,µκ¯
b (p¯+ l)S
κτ
b (p+ l)
}}
,
Eµ,αβ−,ab (p¯, p) = + i
∫
d4l
(2π)4
ǫ β
α˜β˜τ
ǫα¯β¯σ¯τ¯ S
α¯β¯,α˜β˜
a (l)
{
p¯σ¯ pα S τ¯ ,µτb (p¯+ l)
+ p¯σ¯ gµα S τ¯ τb (p¯+ l) + g
σ¯µ pα S τ¯ τb (p+ l) + p¯
σ¯ pα Sµτ¯ ,τb (p+ l)
+ p¯σ¯ pα gκ¯κ
{
S τ¯ κ¯b (p¯+ l)S
µκ,τ
b (p+ l) + S
τ¯ ,µκ¯
b (p¯+ l)S
κτ
b (p+ l)
}}
,
E¯µ,αβab (p¯, p) = − i
∫
d4l
(2π)4
ǫ β
α˜β˜τ
ǫα¯β¯σ¯τ¯ S
τ¯ ,α˜β˜
a (l)S
ρβ¯,τ
b (p+ l)
× pα p¯σ¯
(
gµρ q
α¯ − gµα¯ qρ
)
,
F µ,αβ+,ab (p¯, p) = + i
∫
d4l
(2π)4
ǫ β
α˜β˜σ
ǫα¯β¯σ¯τ¯ S
τ¯σ
a (l)
{
p¯σ¯ gµα Sα¯β¯,α˜β˜b (p¯+ l)
+ gσ¯µ pα Sα¯β¯,α˜β˜b (p+ l) + p¯
σ¯ pα gκ¯κ
{
Sα¯β¯,κ¯b (p¯ + l)S
µκ,α˜β˜
b (p+ l)
+Sα¯β¯,µκ¯b (p¯+ l)S
κ,α˜β˜
b (p+ l)
}}
,
F µ,αβ−,ab (p¯, p) = − i
∫
d4l
(2π)4
ǫ β
α˜β˜σ
ǫα¯β¯σ¯τ¯ S
α¯β¯,σ
a (l)
{
p¯σ¯ gµα S τ¯ ,α˜β˜b (p¯+ l)
+ gσ¯µ pα S τ¯ ,α˜β˜b (p+ l) + p¯
σ¯ pα Sµτ¯ ,α˜β˜b (p+ l)
+ p¯σ¯ pα gκ¯κ
{
S τ¯ κ¯b (p¯+ l)S
µκ,α˜β˜
b (p+ l) + S
τ¯ ,µκ¯
b (p¯+ l)S
κ,α˜β˜
b (p+ l)
}}
,
Fˆ µ,αβ+,ab (p¯, p) = + i
∫
d4l
(2π)4
ǫ β
α˜β˜σ
ǫα¯β¯σ¯τ¯ S
τ¯σ
a (l){
p¯σ¯ pα qκ
{
Sα¯β¯,κb (p¯+ l)S
µ,α˜β˜
b (p+ l)− Sα¯β¯,µb (p¯+ l)Sκ,α˜β˜b (p+ l)
}}
,
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Fˆ µ,αβ−,ab (p¯, p) = − i
∫
d4l
(2π)4
ǫ β
α˜β˜σ
ǫα¯β¯σ¯τ¯ S
α¯β¯,σ
a (l){
p¯σ¯ pα qκ
{
S τ¯κb (p¯+ l)S
µ,α˜β˜
b (p+ l)− S τ¯µb (p¯+ l)Sκ,α˜β˜b (p+ l)
}}
Gµ,αβabc (p¯, p) = +2 i
∫
d4l
(2π)4
qν ǫ
µν
σ¯τ¯ p
α ǫ β
α˜β˜τ
Sρ,α˜β˜a (l)
×(l + p¯)τ¯ p¯ρ Sb(p¯+ l)Sσ¯τc (p+ l) ,
Hµ,αβabc (p¯, p) = − 2 i
∫
d4l
(2π)4
qν ǫ
µν
σ¯τ¯ p
α ǫ β
α˜β˜σ
Sρσa (l)
×(l + p¯)τ¯ p¯ρ Sb(p¯+ l)Sσ¯,α˜β˜c (p+ l) . (170)
The decay constant d1+→γ0− defined in (97) is computed by contracting the
gauge-invariant tensors (98- 101, 104) and (170) with the antisymmetric tensor
P
(0−)
µ,αβ = −
1
2
({
gµα − p
µ qα
p · q
}
pβ −
{
gµβ − p
µ qβ
p · q
}
pα
)
. (171)
We provide the results in terms of the master loop integrals Iab, I¯ab, Jabc and
J¯abc introduced in (159). According to the arguments of Section 3.3 reduced
tadpole integrals are dropped. Using p2 = M2i and (p− q)2 =M2f , we derive
16 (p · q)M2f P (0−)µ,αβ Aµ,αβab = 2M2f
[
M6i −
(
m2a −m2b
)2
M2i
−
(
m2a + 3m
2
b +M
2
i
) (
M2i −M2f
)
M2i
+
(
M2f −M2i
)2 (−m2a +m2b +M2i ) ] Iab
+
[
M8f − 2
(
m2a +m
2
b
)
M6f +
(
m2a −m2b
)2
M4f
+2
((
m2a −m2b
)2 −M4f
)
M2i M
2
f
−
(
m4a − 2
(
m2b +M
2
f
)
m2a +
(
m2b −M2f
)2)
M4i
]
I¯ab
+4m2aM
2
f M
2
i
(
m2a −m2b −M2f
) (
M2i −M2f
)
Jaab ,
24M2i P
(0−)
µ,αβ A¯
µ,αβ
ab =
(
M2i −M2f
) [
3M6i − 3
(
m2a −m2b
)2
M2i
−
(
M2i −M2f
) (
M4i +
(
m2a +m
2
b
)
M2i − 2
(
m2a −m2b
)2 )]
Iab ,
16 (p · q)M2f P (0−)µ,αβ Bµ,αβab = M2f
[
−
(
m2a −m2b
)
M4f −
(
8m2b +M
2
f
)
M4i
−
(
M4f −
(
5m2a + 3m
2
b
)
M2f + 2
(
m2a −m2b
)2 )
M2i
]
Iab
+
[
M8f − 2
(
m2a +m
2
b
)
M6f +
(
m2a −m2b
)2
M4f
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−
(
M4f +
(
m2a −m2b
)
M2f − 2
(
m2a −m2b
)2 )
M2i M
2
f
−
(
− 2M4f +
(
m2a − 5m2b
)
M2f +
(
m2a −m2b
)2 )
M4i
]
I¯ab
− 2m2b M2f M2i
(
M2f −M2i
) (
−2m2a + 2m2b −M2f + 3M2i
)
J¯abb ,
12P
(0−)
µ,αβ B¯
µ,αβ
ab = −
(
M2i −M2f
) [
m4a +
(
m2b − 2M2i
)
m2a
− 2m4b +M4i + 7m2b M2i
]
Iab ,
12M2i P
(0−)
µ,αβ B˜
µ,αβ
ab =
(
M2i −M2f
) [
− 3M6i + 3
(
m2a −m2b
)2
M2i
+
(
M2i −M2f
) (
M4i +
(
m2a +m
2
b
)
M2i − 2
(
m2a −m2b
)2 )]
Iab ,
16 (p · q)M2f P (0−)µ,αβ Cµ,αβabc = −4m2c M2f
[
− 2M6i + 3M2f M4i
+M2f
(
−3m2a + 2m2b +m2c −M2f
)
M2i +
(
m2a −m2c
)
M4f
]
Iac
− 4m2c M2f M2i
[ (
2m2a − 3m2b +m2c −M2f
)
M2f
+
(
m2b −m2c +M2f
)
M2i
]
I¯bc
− 8m2c M2f M2i
[
m2bM
4
f −
(
m2a −m2b
)2
M2f − 2m2b M2i M2f +m2b M4i
]
Jabc ,
12 (p · q)M2f M2i P (0−)µ,αβ C¯µ,αβabc = −M2f
[
2
(
M3f −Mf M2i
)2(
m2a − 2m2c
)
m2a
−
( (
M2f −M2i
)2 (
M2f + 3M
2
i
)
− 3m2b
(
M4f − 3M2f M2i
) )
M2i m
2
a
+
(
m2c −M2i
) (
M2f −M2i
)2 (−3M4i +M2f M2i + 2m2c M2f )
+6m4b M
2
f M
4
i − 3m2b M2i
(
M2i −M2f
) (
2M4i −M2f M2i −m2c M2f
) ]
Iac
− 3m2b M2f M4i
[ (
2m2a − 3m2b +m2c −M2f
)
M2f +
(
m2b −m2c +M2f
)
M2i
]
I¯bc
− 6m2b M2f M4i
[
m2b M
4
f −
(
m2a −m2b
)2
M2f − 2m2b M2i M2f +m2b M4i
]
Jabc ,
48M2f P
(0−)
µ,αβ D
µ,αβ
ab = 2M
2
f
[
− 3m2b
(
−m2a +m2b +M2i
)
M2i
−
(
M2i −M2f
) (
m4a +
(
m2b − 2M2i
)
m2a − 2m4b +M4i +m2b M2i
) ]
Iab
+
[
6
(
m4a − 2
(
m2b +M
2
f
)
m2a +
(
m2b −M2f
)2 )
M4i
− 6M2f
(
m4a −
(
m2b + 2M
2
f
)
m2a +M
4
f − 3m2b M2f
)
M2i
]
I¯ab
+12m4b M
2
f M
2
i
(
M2i −M2f
)
J¯abb , (172)
24m2b (p · q)M2f P (0−)µ,αβ Eµ,αβ+,ab = M2f
[
24m2b
( (
m2a −m2b
)2 −M4i )M2i
+3
(
M2i −M2f
) (
m4a + 20m
2
b m
2
a + 11m
4
b +M
4
i
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− 2
(
m2a + 2m
2
b
)
M2i
)
M2i − 2
(
M2f −M2i
)2 (
m4a +
(
7m2b − 2M2i
)
m2a
− 8m4b +M4i +m2b M2i
)]
Iab
−3
[
−
(
m2a + 3m
2
b
)
M2f M
6
i + 4
(
m3b −m2amb
)2 (
2M2f M
2
i −M4i
)
−
(
−M6f + 10m2b M4f +
(
m4a − 8m2b m2a − 9m4b
)
M2f
)
M4i
+M2f
(
−M6f +
(
m2a +m
2
b
)
M4f + 2m
2
b
(
m2a −m2b
)
M2f
)
M2i
+4m2b M
4
f
(
m4a − 2
(
m2b +M
2
f
)
m2a +
(
m2b −M2f
)2 )
+
(
m2a −m2b
)2
M6i
]
I¯ab
+6m2b M
2
f M
2
i
(
M2i −M2f
) [
− 8m4b + 7M2f m2b − 2M4f +M4i
+
(
m2b +M
2
f
)
M2i +m
2
a
(
8m2b + 3M
2
f − 3M2i
) ]
J¯abb ,
24m2a (p · q)M2f P (0−)µ,αβ Eµ,αβ−,ab =M2f
[
24m2b
( (
m2a −m2b
)2 −M4i )M2i
+3
(
M2i −M2f
) (
m4a + 20m
2
b m
2
a + 11m
4
b +M
4
i
−2
(
m2a + 2m
2
b
)
M2i
)
M2i + 2
(
M2f −M2i
)2 (
m4a +
(
m2b − 2M2i
)
m2a
− 2m4b +M4i + 7m2b M2i
)]
Iab
− 3
[
−
(
m2a + 3m
2
b
)
M2f M
6
i + 4
(
m3b −m2amb
)2 (
2M2f M
2
i −M4i
)
−
(
−M6f + 10m2b M4f +
(
m4a − 8m2b m2a − 9m4b
)
M2f
)
M4i
+M2f
(
−M6f +
(
m2a +m
2
b
)
M4f + 2m
2
b
(
m2a −m2b
)
M2f
)
M2i
+4m2b M
4
f
(
m4a − 2
(
m2b +M
2
f
)
m2a +
(
m2b −M2f
)2 )
+
(
m2a −m2b
)2
M6i
]
I¯ab
+6m2b M
2
f M
2
i
(
M2i −M2f
) [
− 8m4b + 7M2f m2b − 2M4f +M4i
+
(
m2b +M
2
f
)
M2i +m
2
a
(
8m2b + 3M
2
f − 3M2i
) ]
J¯abb ,
12M2i P
(0−)
µ,αβ E¯
µ,αβ
ab =
(
M2i −M2f
) [
− 7M6i +
(
5
(
m2a +m
2
b
)
−M2f
)
M4i
+
(
2
(
m2a −m2b
)2 − (m2a +m2b)M2f )M2i
+2
(
m2a −m2b
)2
M2f
]
Iab , (173)
24m2b (p · q)M2f P (0−)µ,αβ F µ,αβ+,ab = 2M2f
[
12m2a
(
−m2a +m2b +M2i
)2
M2i
+3m2a
(
7m2a + 9m
2
b − 7M2i
) (
M2i −M2f
)
M2i
+
(
M2f −M2i
)2 (− 7m4a + (5m2b + 11M2i )m2a
77
+2
(
m2b −M2i
)2 )]
Iab
+6m2a
[
− 2M8f + 4
(
m2a +m
2
b
)
M6f − 2
(
m2a −m2b
)2
M4f
+
(
4m2a − 4m2b +M2f
) (
−m2a +m2b +M2f
)
M2i M
2
f
+
(
− 3M4f +
(
m2a − 9m2b
)
M2f + 2
(
m2a −m2b
)2 )
M4i
]
I¯ab
− 12m2am2b M2f M2i
(
4m2a − 4m2b +M2f − 5M2i
) (
M2f −M2i
)
J¯abb ,
24m2b (p · q)M2f P (0−)µ,αβ F µ,αβ−,ab = 6m2b M2f
[
4
(
−m2a +m2b +M2i
)2
M2i
+
(
M2i −M2f
) (
7m2a + 9m
2
b − 7M2i
)
M2i
+
(
m2a −m2b +M2i
) (
M2i −M2f
)2 ]
Iab
− 6m2b
[
2
(
m4a − 2
(
m2b +M
2
f
)
m2a +
(
m2b −M2f
)2 )
M4f
−
(
4m2a − 4m2b +M2f
) (
−m2a +m2b +M2f
)
M2i M
2
f
+
(
3M4f −
(
m2a − 9m2b
)
M2f − 2
(
m2a −m2b
)2 )
M4i
]
I¯ab
+12m4b M
2
f M
2
i
(
M2f −M2i
) (
−4m2a + 4m2b −M2f + 5M2i
)
J¯abb , (174)
2P
(0−)
µ,αβ Fˆ
µ,αβ
+,ab = m
2
a
(
−2M4i +M2f M2i +
(
m2a −m2b
)
M2f
)
Iab
+m2a
(
−m2a +m2b +M2f
)
M2i I¯ab + 2m
2
am
2
b M
2
i
(
M2i −M2f
)
J¯abb ,
6M2i P
(0−)
µ,αβ Fˆ
µ,αβ
−,ab =
[
3M8i −
(
3m2a + 9m
2
b + 4M
2
f
)
M6i
+M2f
(
2m2a + 5m
2
b +M
2
f
)
M4i − 2
(
m2a −m2b
)2
M4f
+M2f
(
2m4a −m2b m2a −m4b +
(
m2a +m
2
b
)
M2f
)
M2i
]
Iab
+3m2b
(
−m2a +m2b +M2f
)
M4i I¯ab
+6m4b M
4
i
(
M2i −M2f
)
J¯abb (175)
12 (p · q)M2f P (0−)µ,αβ Gµ,αβabc = 3m2c M2f
[
2M6i − 3M2f M4i
+M2f
(
−m2a − 2m2b + 3m2c +M2f
)
M2i +
(
m2a −m2c
)
M4f
]
Iac
+M2i
[(
3m2c
(
3M2f −M2i
)
M2f + 4
(
m2a +M
2
f
) (
M2f −M2i
)2 )
m2b
− 2
(
M2f −M2i
)2
m4b − 6m4c M4f − 2
(
m2a −M2f
)2 (
M2f −M2i
)2
+3m2cM
2
f
(
M2f −m2a
) (
M2f −M2i
) ]
I¯ab
+6m2cM
2
f M
2
i
[
M2f m
4
b −
(
2m2c M
2
f +
(
M2f −M2i
)2 )
m2b +m
4
c M
2
f
]
J¯abc ,
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48 (p · q)M2f P (0−)µ,αβ Hµ,αβabc = −2M2f
[
6
(
m2b −m2c
) (
m2a +m
2
b −M2i
)
M4i
+3
(
M2i −M2f
) (
m4a +
(
−3m2b + 3m2c − 2M2i
)
m2a
−
(
m2c −M2i
) (
m2b +M
2
i
) )
M2i −
(
M2f −M2i
)2 (
4m4a
−
(
2m2c + 5M
2
i
)
m2a − 2m4c +M4i + 7m2cM2i
)]
Iac
− 6M2i
[ (
2M4f − 3M2i M2f +M4i
)
m4a − 2
(
m2b
(
3M4f − 3M2i M2f +M4i
)
−M2f
(
2M2f −M2i
) (
m2c −M2f +M2i
) )
m2a −
(
m2b −M2f
) (
2M6f
−
(
−3m2b + 2m2c + 3M2f
)
M2i M
2
f +
(
M2f −m2b
)
M4i
)]
I¯ab
− 12M2f M2i
[
m2c
(
M2i −M2f
)3
+
(
m2b −m2c
)2 (
2m2a −M2i
) (
M2i −M2f
)
+m2c
(
m2a +m
2
b −M2i
) (
M2f −M2i
)2
−
(
m2b −m2c
)2
M2i
(
m2a +m
2
b −M2i
) ]
J¯abc . (176)
Appendix F
We derive the contribution of the φD∗s and K
∗D∗ channels to the 1+ → γ 0+
process. According to (107) it suffices to evaluate the contractions of the four
loop tensors introduced in (108, 109, 110) with the projector
P
(0+)
µ,αβ = −
1
2
qτ pσ
{
ǫµτσα pβ − ǫµτσβ pα
}
. (177)
We have
2M2f
(p · q)M2i
P
(0+)
µ,αβ A
µ,αβ
+,abc = 2m
2
c M
2
f Iac + 2m
2
c
(
m2c −m2b
)
M2f J¯abc
−
[ (
2m2c +
(
M2i −M2f
))
M2f +
(
m2a −m2b
) (
M2f −M2i
) ]
I¯ab ,
24m2b M
2
f
(p · q) P
(0+)
µ,αβ B
µ,αβ
+,ab =M
2
f
[
− 2M6i +
(
m2a − 11m2b −M2f
)
M4i
+
(
m4a + 5
(
8m2b +M
2
f
)
m2a + 7
(
m4b −m2b M2f
))
M2i
− 2
(
2m4a −m2b m2a −m4b
)
M2f
]
Iab
+
[
3
(
m4a −m4b +M4f − 2
(
m2a − 2m2b
)
M2f
)
M4i
− 6m2b M2f
(
7m2a +m
2
b −M2f
)
M2i
]
I¯ab
+6m2b M
2
f M
2
i
(
3m2a +m
2
b −M2f − 2M2i
) (
M2f −M2i
)
J¯abb ,
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4M2f
(p · q) P
(0+)
µ,αβ C
µ,αβ
+,ab = M
2
f
[ (
M2f + 7M
2
i
)
m2b
+
(
m2a +M
2
i
) (
M2i −M2f
) ]
Iab
+M2i
[ (
m2a +M
2
f
) (
M2i −M2f
)
−m2b
(
7M2f +M
2
i
) ]
I¯ab
+8m2b M
2
f M
2
i
(
M2f −M2i
)
J¯abb ,
24P
(0+)
µ,αβ D
µ,αβ
+,abc =
[
3m2b
(
m2a + 3m
2
c +M
2
i
) (
M2i −M2f
)
M2i
−
(
M2f −M2i
)2 (
m4a +
(
4m2c − 2M2i
)
m2a − 5m4c +M4i + 4m2cM2i
)
+6m2b
(
m2b −m2a
)
M4i
]
Iac
+3m2b M
2
i
[ ((
3m2c +M
2
f
) (
M2f −M2i
)
−m2b
(
M2f +M
2
i
))
+2m2aM
2
f
]
I¯bc
+6m2b M
2
i
[
−
(
m2a −m2b
)2
M2i −m2a
(
M2f −M2i
)2
+
(
m2a −m2b
) (
m2a +m
2
c +M
2
i
) (
M2i −M2f
) ]
Jabc , (178)
where we use p2 = M2i and (p− q)2 =M2f .
Appendix G
We collect explicit expressions for the contributions to the decay amplitude
(112) which are linear in coupling constant gˆH (see (80)). We have
−iM α¯β¯,µ,αβ1+→γ 1− =
e gT gˆH
4 f 2
{
F α¯β¯,µ,αβ+,φD∗s (p¯, p)− E
α¯β¯,µ,αβ
−,D∗K∗(p¯, p) + F
α¯β¯,µ,αβ
+,K∗D∗(p¯, p)
}
+
e g˜V gˆH
4 f 2
{
F α¯β¯,µ,αβ−,φD∗s (p¯, p)− E
α¯β¯,µ,αβ
+,D∗K∗(p¯, p) + F
α¯β¯,µ,αβ
−,K∗D∗(p¯, p)
}
+
e g˜V gˆH
4 f 2
{
F α¯β¯,µ,αβφD∗s (p¯, p)− E
α¯β¯,µ,αβ
D∗K∗ (p¯, p) + F
α¯β¯,µ,αβ
K∗D∗ (p¯, p)
}
+
gˆH
8 f 2M2V
[
e˜C − e+ e˜Q
3
] {
gT Fˆ
α¯β¯,µ,αβ
+,φD∗s
(p¯, p)
+g˜V (Fˆ
α¯β¯,µ,αβ
φD∗s
(p¯, p) + Fˆ α¯β¯,µ,αβ−,φD∗s (p¯, p))
}
+
gˆH
4 f 2M2V
[
e˜C − e
2
− e˜Q
6
] {
gT Fˆ
α¯β¯,µ,αβ
+,K∗D∗(p¯, p)
+g˜V (Fˆ
α¯β¯,µ,αβ
K∗D∗ (p¯, p) + Fˆ
α¯β¯,µ,αβ
−,K∗D∗(p¯, p))
}
80
− gˆH
4 f 2m2V
{
eT E¯
α¯β¯,µ,αβ
−,D∗K∗(p¯, p) + e˜V
(
E¯α¯β¯,µ,αβ+,D∗K∗(p¯, p) + E¯
α¯β¯,µ,αβ
D∗K∗ (p¯, p)
)}
+
e˜E gˆH
6 f 2m2V
{
E˜α¯β¯,µ,αβD∗K∗ (p¯, p) + 2 E˜
α¯β¯,µ,αβ
D∗sφ
(p¯, p)
}
+
(eC + eQ/6) gˆH
8 f 2M2V
{
g˜T H
α¯β¯,µ,αβ
K∗DD∗ (p¯, p) + gE H¯
α¯β¯,µ,αβ
K∗DD∗ (p¯, p)
}
+
(eC − eQ/3) gˆH
16 f 2M2V
{
g˜T H
α¯β¯,µ,αβ
φDsD∗s
(p¯, p) + gE H¯
α¯β¯,µ,αβ
φDsD∗s
(p¯, p)
}
− eA g˜P gˆH
96 f 3mV
{
Gα¯β¯,µ,αβD∗KK∗(p¯, p) + G¯
α¯β¯,µ,αβ
D∗KK∗(p¯, p)
}
− eA g˜P gˆH
64 f 3mV
{
Gα¯β¯,µ,αβD∗sηφ (p¯, p) + G¯
α¯β¯,µ,αβ
D∗sηφ
(p¯, p)
}
, (179)
with
Eα¯β¯,µ,αβab (p¯, p) = + i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ
Sσ¯,α˜β˜a (l)
{
p¯α¯ pα Sµβ¯p¯, σ¯τ (p)S
τρ
b (p+ l)
+ gα¯σ¯ p
α S β¯,µρb (p¯+ l) + g
α¯
σ¯ g
µα S β¯ρb (p¯+ l) + g
α¯
σ¯ p
α Sµβ¯,ρb (p+ l)
+ gα¯σ¯ gκ¯κ p
α
{
S β¯κ¯b (p¯+ l)S
µκ,ρ
b (p+ l) + S
β¯,µκ¯
b (p¯+ l)S
κρ
b (p+ l)
}}
,
Eα¯β¯,µ,αβ+,ab (p¯, p) = + i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ
gσ¯σ S
σ¯β¯,α˜β˜
a (l)
{
p¯α¯ pα Sσ,µρb (p¯+ l)
+ p¯α¯ gµα Sσρb (p¯+ l) + p¯
α¯ pα Sµσ,ρb (p+ l) + g
α¯µ pα Sσρb (p+ l)
+ p¯α¯ pα gκ¯κ
{
Sσκ¯b (p¯+ l)S
µκ,ρ
b (p+ l) + S
σ,µκ¯
b (p¯+ l)S
κρ
b (p+ l)
}}
,
Eα¯β¯,µ,αβ−,ab (p¯, p) = + i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ
gσ¯σ S
σ¯,α˜β˜
a (l)
{
gµα¯ pα Sσβ¯,ρb (p+ l)
+ p¯α¯ pα gκ¯κ
{
Sσβ¯,κ¯b (p¯+ l)S
µκ,ρ
b (p+ l) + S
σβ¯,µκ¯
b (p¯+ l)S
κρ
b (p+ l)
}
+ p¯α¯ gµα Sσβ¯,ρb (p¯+ l) + p¯
α¯ pα Sσβ¯,µρb (p¯+ l)
}
,
E¯α¯β¯,µ,αβab (p¯, p) = i
∫ d4l
(2π)4
ǫ β
α˜β˜ρ
pα Sα¯,α˜β˜a (l)S
τρ
b (p+ l)
(
gµτ q
β¯ − gµβ¯ qτ
)
,
E˜α¯β¯,µ,αβab (p¯, p) = 2 i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ
pα S β¯,α˜β˜a (l) p¯
α¯ Sµτ,ρb (p+ l) qτ ,
E¯α¯β¯,µ,αβ+,ab (p¯, p) = i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ
pα Sσβ¯,α˜β˜a (l) p¯
α¯ Sτρb (p+ l)
×
(
gµτ qσ − gµσ qτ
)
,
E¯α¯β¯,µ,αβ−,ab (p¯, p) = i
∫ d4l
(2π)4
ǫ β
α˜β˜ρ
pα Sσ,α˜β˜a (l) p¯
α¯ Sτ β¯,ρb (p+ l)
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×
(
gµτ qσ − gµσ qτ
)
,
F α¯β¯,µ,αβab (p¯, p) = −i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ¯
Sσ¯ρ¯a (l)
{
p¯α¯ pα Sµβ¯p¯, σ¯τ (p)S
τ,α˜β˜
b (p+ l)
+ gα¯σ¯ g
µα S β¯,α˜β˜b (p¯+ l) + g
α¯
σ¯ p
α Sµβ¯,α˜β˜b (p+ l)
+ gα¯σ¯ gκ¯κ p
α
{
S β¯κ¯b (p¯+ l)S
µκ,α˜β˜
b (p+ l) + S
β¯,µκ¯
b (p¯+ l)S
κ,α˜β˜
b (p+ l)
}}
,
F α¯β¯,µ,αβ+,ab (p¯, p) = − i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ¯
gσ¯σ S
σ¯β¯,ρ¯
a (l)
{
p¯α¯ gµαSσ,α˜β˜b (p¯+ l)
+ p¯α¯ pα Sµσ,α˜β˜b (p+ l) + g
α¯µ pα Sσ,α˜β˜b (p+ l)
+ p¯α¯ pα gκ¯κ
{
Sσκ¯b (p¯+ l)S
µκ,α˜β˜
b (p+ l) + S
σ,µκ¯
b (p¯+ l)S
κ,α˜β˜
b (p+ l)
}}
,
F α¯β¯,µ,αβ−,ab (p¯, p) = −i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ¯
gσ¯σ S
σ¯ρ¯
a (l)
{
p¯α¯ gµα Sσβ¯,α˜β˜b (p¯+ l)
+ gµα¯ pα Sσβ¯,α˜β˜b (p+ l) + p¯
α¯ pα gκ¯κ
{
Sσβ¯,κ¯b (p¯+ l)S
µκ,α˜β˜
b (p+ l)
+Sσβ¯,µκ¯b (p¯+ l)S
κ,α˜β˜
b (p+ l)
}}
,
Fˆ α¯β¯,µ,αβab (p¯, p) = −i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ¯
Sσ¯ρ¯a (l){
gα¯σ¯ qκ p
α
{
S β¯κb (p¯+ l)S
µ,α˜β˜
b (p+ l)− S β¯,µκ¯b (p¯+ l)Sκ,α˜β˜b (p+ l)
}}
,
Fˆ α¯β¯,µ,αβ−,ab (p¯, p) = −i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ¯
gσ¯σ S
σ¯ρ¯
a (l){
p¯α¯ pα qκ
{
Sσβ¯,κb (p¯+ l)S
µ,α˜β˜
b (p+ l)− Sσβ¯,µb (p¯+ l)Sκ,α˜β˜b (p+ l)
}}
,
Fˆ α¯β¯,µ,αβ+,ab (p¯, p) = − i
∫
d4l
(2π)4
ǫ β
α˜β˜ρ¯
gσ¯σ S
σ¯β¯,ρ¯
a (l){
p¯α¯ pα qκ
{
Sσκb (p¯+ l)S
µ,α˜β˜
b (p+ l)− Sσµb (p¯+ l)Sκ,α˜β˜b (p+ l)
}}
G¯α¯β¯,µ,αβabc (p¯, p) = +2 i
∫
d4l
(2π)4
pα ǫ β
α˜β˜ρ
S τ¯ ,α˜β˜a (l) qν ǫ
µν
στ ǫ
α¯β¯
σ¯τ¯
×(p¯ + l)τ (p¯+ l)σ¯ Sb(p¯ + l)Sσρc (p+ l) ,
Gα¯β¯,µ,αβabc (p¯, p) = +2 i
∫
d4l
(2π)4
pα ǫ β
α˜β˜ρ
Sµ¯ν¯,α˜β˜a (l) qν ǫ
µν
στ ǫ
σ¯β¯
µ¯ν¯
×(p¯ + l)τ (p¯+ l)σ¯ p¯α¯ Sb(p¯+ l)Sσρc (p+ l) ,
H¯ α¯β¯,µ,αβabc (p¯, p) = − 2 i
∫ d4l
(2π)4
pα ǫ β
α˜β˜ρ¯
S τ¯ ρ¯a (l) qν ǫ
µν
στ ǫ
α¯β¯
σ¯τ¯
×(p¯ + l)τ (p¯+ l)σ¯ Sb(p¯ + l)Sσ,α˜β˜c (p+ l) ,
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H α¯β¯,µ,αβabc (p¯, p) = − 2 i
∫
d4l
(2π)4
pα ǫ β
α˜β˜ρ¯
Sµ¯ν¯,ρ¯a (l) qν ǫ
µν
στ ǫ
σ¯β¯
µ¯ν¯
×(p¯ + l)τ (p¯+ l)σ¯ p¯α¯ Sb(p¯+ l)Sσ,α˜β˜c (p+ l) . (180)
According to (115) it is enough to compute the contractions of the tensor
integrals (180) with two tensors
P
(1)
α¯β¯,µ,αβ
= −1
4
pσ qτ
{
ǫστα¯µ p¯β¯ qα pβ − ǫστα¯µ p¯β¯ qβ pα
− ǫστβ¯µ p¯α¯ qα pβ + ǫστβ¯µ p¯α¯ qβ pα
}
,
P
(2)
α¯β¯,µ,αβ
= −1
4
pσ qτ
{
ǫστµα qα¯ p¯β¯ pβ − ǫστµβ qα¯ p¯β¯ pα
− ǫστµα qβ¯ p¯α¯ pβ + ǫστµβ qβ¯ p¯α¯ pα
}
. (181)
We establish the results
48
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− 12
(
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2
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M4i
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M2i −M2f
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2
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2
b + 5M
4
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2
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(
M2i −m2b
))
M2i
−
(
M2f −M2i
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19M4i − 8
(
m2a − 2m2b
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(
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(
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) (
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2
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M2i
(
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2
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M2i
(
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2
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Jaab ,
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[
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M4i
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M2f
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M2f M
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(p · q) P
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α¯β¯,µ,αβ
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M4i
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(
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−
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(
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(
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3M4f − 4M2i M2f +M4i +m2c
(
4M2i − 5M2f
))
m2b
+M4f
(
6m4c − 4
(
M2f − 2M2i
)
m2c + 7M
4
f + 5M
4
i − 12M2f M2i
) )
m2a
+M6f
(
12
(
M2f +M
2
i
)
m6c + 6
(
5M4f − 2M2i M2f − 3M4i
)
m4c
− 2
(
M2f − 2M2i
) (
M2f −M2i
)2
m2c +
(
M2f −M2i
)3 (
3M2f −M2i
) )
+m4b M
2
f
( (
M2f + 5M
2
i
) (
M2f −M2i
)3
+4m2c
(
M6f + 8M
2
i M
4
f − 4M4i M2f +M6i
) )
+m2b M
4
f
(
− 2
(
M6f + 26M
2
i M
4
f − 31M4i M2f + 4M6i
)
m2c
− 6
(
3M4f + 6M
2
i M
2
f −M4i
)
m4c −
(
M2f −M2i
)3 (
5M2f +M
2
i
) )]
I¯ab
+12m2cM
4
f M
2
i
[
m2c
(
M2f −M2i
)4 − 2 (m2b −m2c)3M4i
+
(
m2b −m2c
)2 (
m2a + 2m
2
b − 3m2c − 5M2i
) (
M2i −M2f
)
M2i
+
(
m2b −m2c
) (
M2f −M2i
)2 (− 2M4i + 2 (m2a + 2m2b − 4m2c)M2i
+
(
m2a −m2c
) (
m2c −m2b
) )
+
(
M2i −M2f
)3 (
m2am
2
c +
(
2m2b − 3m2c
) (
m2c +M
2
i
)) ]
J¯abc ,
48M2i P
(1)
α¯β¯,µ,αβ
H α¯β¯,µ,αβabc = M
2
f
[
12
(
m2b −m2c
)2
M4i M
2
f
+
(
M3i −M2f Mi
)2 (
M4i − 2
(
m2a + 3m
2
b − 8m2c
)
M2i +
(
m2a −m2c
)2 )
−
(
M2i −M2f
)3 (−2M4i + (m2a + 7m2c)M2i + (m2a −m2c)2
) ]
Iac
+M2i
[
− 2
(
M6f + 8M
2
i M
4
f − 4M4i M2f +M6i
)
m4b
+
(
M2f
(
3
(
3M4f + 6M
2
i M
2
f −M4i
)
m2c +
(
M2f −M2i
)2 (
M2f + 4M
2
i
) )
−m2a
(
5M2f − 4M2i
) (
M2f −M2i
)2 )
m2b − 6m4cM4f
(
M2f +M
2
i
)
− 3m2c M2f
(
5M2f −m2a
) (
M2f −M2i
)2
+
(
m2a −M2f
)2 (
M2f − 2M2i
) (
M2f −M2i
)2 ]
I¯ab
+6M2f M
2
i
[
m2c
(
M2f −M2i
)4 − 2 (m2b −m2c)3M4i
+
(
m2b −m2c
)2 (
m2a + 2m
2
b − 3m2c −M2i
) (
M2i −M2f
)
M2i
+
(
m2b −m2c
) (
M2f −M2i
)2 (
2
(
m2b − 2m2c
)
M2i
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+
(
m2a −m2c
) (
m2c −m2b
) )
+m2c
(
m2a + 2m
2
b − 3m2c −M2i
) (
M2i −M2f
)3 ]
J¯abc ,
48M2f M
2
i P
(1)
α¯β¯,µ,αβ
H¯ α¯β¯,µ,αβabc = m
2
aM
2
f
[
12
(
m2b −m2c
)2
M6i
− 12
(
m2b −m2c
)2 (
M2i −M2f
)
M4i +
(
M3i −M2f Mi
)2 (
M4i
− 2
(
m2a + 3m
2
b − 8m2c
)
M2i +
(
m2a −m2c
)2 )
−
(
M2i −M2f
)3 (− 2M4i + (m2a + 7m2c)M2i + (m2a −m2c)2 )] Iac
+m2aM
2
i
[
− 2
(
M6f + 8M
2
i M
4
f − 4M4i M2f +M6i
)
m4b
+
(
M2f
(
3
(
6M2i M
2
f −M4i
)
m2c +
(
M2f −M2i
)2 (
M2f + 4M
2
i
))
+9M6f m
2
c −m2a
(
5M2f − 4M2i
) (
M2f −M2i
)2 )
m2b
− 3m2c M2f
(
5M2f −m2a
) (
M2f −M2i
)2 − 6m4c M4f (M2f +M2i )
+
(
m2a −M2f
)2 (
M2f − 2M2i
) (
M2f −M2i
)2 ]
I¯ab
+6m2aM
2
f M
2
i
[
− 2
(
m2b −m2c
)3
M4i +m
2
c
(
M2f −M2i
)4
+
(
m2b −m2c
)2 (
m2a + 2m
2
b − 3m2c −M2i
) (
M2i −M2f
)
M2i
+
(
m2b −m2c
) (
M2f −M2i
)2 (
2
(
m2b − 2m2c
)
M2i
+
(
m2a −m2c
) (
m2c −m2b
) )
+m2c
(
m2a + 2m
2
b − 3m2c −M2i
) (
M2i −M2f
)3 ]
J¯abc . (182)
We turn to the contractions with the tensor P
(2)
α¯β¯,µ,αβ
of (171). We obtain
48
M2f M
2
i
(p · q) P
(2)
α¯β¯,µ,αβ
Aα¯β¯,µ,αβ+, ab = M
2
i
[
− 12
(
m2a −m2b +M2i
) (
m2b +M
2
i
)
M4i
+12
(
M2i −M2f
) (
m2a +m
2
b + 3M
2
i
)
M4i
+6
(
−m2a +m2b +M2i
) (
M2i −M2f
)3
−
(
M2f −M2i
)2 (
m4a − 8
(
m2b +M
2
i
)
m2a + 7m
4
b
+31M4i + 22m
2
b M
2
i
)]
Iab
+12M2f
(
m2a −m2b +M2f
) (
m2b +M
2
f
)
M4i I¯ab
+24m2aM
2
f
(
m2b +M
2
f
)
M4i
(
M2i −M2f
)
Jaab ,
92
48
M2f M
2
i
(p · q) P
(2)
α¯β¯,µ,αβ
Aα¯β¯,µ,αβ−, ab = M
2
i
[
12
(
M2i −m2b
) (
m2a −m2b +M2i
)
M4i
− 12
(
M2i −M2f
) (
m2a − 3m2b + 3M2i
)
M4i
+6
(
m2a −m2b −M2i
) (
M2i −M2f
)3
−
(
M2f −M2i
)2 (
m4a +
(
4M2i − 8m2b
)
m2a + 7m
4
b
− 29M4i + 10m2bM2i
)]
Iab
− 12M2f
(
M2f −m2b
) (
m2a −m2b +M2f
)
M4i I¯ab
+24m2aM
2
f
(
M2f −m2b
)
M4i
(
M2f −M2i
)
Jaab ,
24
M2i
(p · q)3 P
(2)
α¯β¯,µ,αβ
A¯α¯β¯,µ,αβ+, ab =
[
− 7M6i +
(
7m2a − 3m2b − 2M2f
)
M4i
+
(
m4a − 10m2b m2a + 9m4b − 2
(
m2a +m
2
b
)
M2f
)
M2i
−
(
m2a −m2b
)2 (
m2a −m2b − 4M2f
) ]
Iab ,
48
m2b
m2b ±M2f
M2f
(p · q) P
(2)
α¯β¯,µ,αβ
Bα¯β¯,µ,αβ±, ab =
[
12m2b
(
−m2a +m2b +M2i
)
M4i
−
(
M2i −M2f
)(
M4i − 2
(
m2a − 11m2b
)
M2i +
(
m2a −m2b
)2)
M2i
+6m2b
(
M2f −M2i
)2 (
m2a −m2b +M2i
) ]
Iab
+
[(
m4a − 2
(
m2b +M
2
f
)
m2a +
(
m2b −M2f
)2 )
M2i
−M2f
(
m4a − 2
(
7m2b +M
2
f
)
m2a + 13m
4
b +M
4
f + 10m
2
b M
2
f
) ]
M2i I¯ab
+24m4b M
2
f M
2
i
(
M2f −M2i
)
J¯abb ,
48
M2f M
2
i
(p · q)2 P
(2)
α¯β¯,µ,αβ
B¯α¯β¯,µ,αβab = M
2
f
(
−M4i +
(
m2a +m
2
b + 3M
2
f
)
M2i
−
(
m2a −m2b
)
M2f
) [
m4a − 2
(
m2b +M
2
i
)
m2a +
(
m2b −M2i
)2 ]
Iab
+
[
− 2
(
(ma −mb)2 −M2f
) (
(ma +mb)
2 −M2f
) (
m2b +M
2
f
)
M4i
]
I¯ab ,
24
M2i
(p · q)3 P
(2)
α¯β¯,µ,αβ
B˜α¯β¯,µ,αβab =
[
3M6i −
(
3
(
m2a +m
2
b
)
−M2f
)
M4i
+
(
m2a +m
2
b
)
M2f M
2
i − 2
(
m2a −m2b
)2
M2f
]
Iab ,
192M2f M
2
i P
(2)
α¯β¯,µ,αβ
C α¯β¯,µ,αβ+, abc = M
2
f
[
− 12
(
m3b −m2amb
)2
M6i
+6
(
m2a −m2b
)
m2b
(
m2a −m2c −M2i
) (
M2i −M2f
)
M4i
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+2m2b
(
M2f −M2i
)2 (− 2M4i + (m2a − 6m2b +m2c)M2i
+
(
m2a −m2c
)2 )
M2i
− 2
(
M2f −M2i
)4 (−M4i − (m2a +m2c)M2i + 2 (m2a −m2c)2 )
−
(
M2i −M2f
)3 (− 3M6i + (7m2a + 6m2b + 5m2c)M4i
−
(
m2a −m2c
) (
5m2a + 6m
2
b −m2c
)
M2i +
(
m2a −m2c
)3 )]
Iac
+2m2b M
4
i
[ (
2M4f + 5M
2
i M
2
f −M4i
)
m4b
+
(
M2f −M2i
) (
8M4f − 5M2i M2f +m2c
(
5M2f − 2M2i
))
m2b
+6m4aM
4
f −
(
m4c +M
2
f m
2
c − 2M4f
) (
M2f −M2i
)2
− 3m2aM2f
((
3M2f +M
2
i
)
m2b +
(
m2c +M
2
f
) (
M2f −M2i
)) ]
I¯bc
+12M2f M
4
i
[ (
M2i −M2f
)3
m4b +
(
m2b −m2a
) (
M2f −M2i
)2
m4b
+
(
m3b −m2amb
)2 (
m2a −m2c
) (
M2i −M2f
)
+
(
m2b −m2a
)3
M2i m
2
b
]
Jabc ,
192M2f M
2
i P
(2)
α¯β¯,µ,αβ
C α¯β¯,µ,αβ−, abc = M
2
f
[
− 12
(
m3b −m2amb
)2
M6i
+6
(
m2a −m2b
)
m2b
(
M2i −M2f
) (
m2a −m2c + 7M2i
)
M4i
+2m2b
(
M2f −M2i
)2 (− 2M4i − (11m2a − 6m2b −m2c)M2i
+
(
m2a −m2c
)2 )
M2i
+2
(
M2f −M2i
)4 (−M4i − (m2a +m2c)M2i + 2 (m2a −m2c)2
)
−
(
M2i −M2f
)3 (
M6i −
(
m2a + 6m
2
b + 3m
2
c
)
M4i
−
(
m2a −m2c
) (
m2a − 6m2b + 3m2c
)
M2i +
(
m2a −m2c
)3 )]
Iac
+2m2b M
4
i
[ (
2M4f + 5M
2
i M
2
f −M4i
)
m4b
−
(
M2f −M2i
) (
16M4f + 5M
2
i M
2
f +m
2
c
(
2M2i − 5M2f
))
m2b
+6m4aM
4
f −
(
m4c +M
2
f m
2
c − 2M4f
) (
M2f −M2i
)2
− 3m2aM2f
((
3M2f +M
2
i
)
m2b +
(
m2c − 7M2f
) (
M2f −M2i
)) ]
I¯bc
+12M2f M
4
i
[
m2b M
2
i
(
m2b −m2a
)3
−m2b
(
−4m2a +m2b + 2m2c − 2M2i
) (
M2f −M2i
)2 (
m2b −m2a
)
+m2b
(
m2b − 2m2a
) (
M2f −M2i
)3
+
(
m3b −m2amb
)2 (
M2i −M2f
) (
m2a −m2c + 4M2i
) ]
Jabc ,
94
96P
(2)
α¯β¯,µ,αβ
C¯ α¯β¯,µ,αβabc =
[
6
(
m2a −m2b
)2
M6i
− 3
(
m2a −m2b
) (
3m2a +m
2
c +M
2
i
) (
M2i −M2f
)
M4i
− 3m2c
(
−m2a +m2c +M2i
) (
M2i −M2f
)3
−
(
M3i −M2f Mi
)2 (
M4i −
(
5m2a −m2c
)
M2i
− 2
(
m4a +m
4
c +
(
m2a − 3m2b
)
m2c
) )]
Iac
+M2i
[ (
M4f − 5M2i M2f − 2M4i
)
m4b − 6m4aM4f
+
(
M2f −M2i
) (
−2M4f + 5M2i M2f +m2c
(
7M2f − 4M2i
))
m2b
−
(
2m4c −M2f m2c −M4f
) (
M2f −M2i
)2
+3m2aM
2
f
(
m2b
(
M2f + 3M
2
i
)
−
(
m2c +M
2
f
) (
M2f −M2i
)) ]
I¯bc
+6M2i
(
m2a −m2b +M2f −M2i
) ((
m2a −mbmc
)
M2f −mb (mb −mc)M2i
)
×
[ (
m2a +mbmc
)
M2f −mb (mb +mc)M2i
]
Jabc ,
48
M2f
(p · q) P
(2)
α¯β¯,µ,αβ
Dα¯β¯,µ,αβabc = 3m
2
c M
2
f
[ (
−M4f + 4M2i M2f +M4i
)
m2c
+
(
M2f −M2i
)2 (
m2a +M
2
i
)
− 2m2b M2i
(
M2f +M
2
i
) ]
Iac
−M2i
[ (
M2f −M2i
)2
m4b −
(
12m2c M
4
f + 2
(
m2a +M
2
f
) (
M2f −M2i
)2)
m2b
+12m4cM
4
f +
(
m2a −M2f
)2 (
M2f −M2i
)2 ]
I¯ab
+6m2c
(
m2c −m2b
)
M2f M
2
i
[
M4f −
(
m2a +m
2
b − 2m2c
)
M2f
−
(
−m2a +m2b +M2f
)
M2i
]
J¯abc ,
48
M2f
(p · q) P
(2)
α¯β¯,µ,αβ
Eα¯β¯,µ,αβab =
[
− 2M8i −
(
−4m2a + 8m2b +M2f
)
M6i
+2
(
−m4a − 4m2b m2a + 5m4b +
(
m2a +m
2
b
)
M2f
)
M4i
−M2f
(
7m4a + 10m
2
b m
2
a − 17m4b + 3M4f − 3
(
3m2a + 5m
2
b
)
M2f
)
M2i
+3
(
m2a −m2b
)
M4f
(
m2a + 3m
2
b −M2f
) ]
Iab
+
[
−
(
−8M4f +
(
7m2a − 11m2b
)
M2f +
(
m2a −m2b
)2)
M4i
−M2f
(
− 7m4a + 5
(
M2f − 2m2b
)
m2a + 17m
4
b + 2M
4
f
+23m2b M
2
f
)
M2i
]
I¯ab
+6m2b M
2
f M
2
i
(
2m2a + 6m
2
b +M
2
f − 3M2i
) (
M2f −M2i
)
J¯abb ,
95
96m2a
M2f
(p · q) P
(2)
α¯β¯,µ,αβ
Eα¯β¯,µ,αβ+, ab = M
2
f
[
− 12
((
m2a −M2i
)2 −m4b
)
M4i
+3
(
−m2a +m2b +M2i
) (
M2i −M2f
) (
−m2a +m2b + 7M2i
)
M2i
+2
(
M2f −M2i
)2 (− 5M4i − 2 (m2a + 4m2b)M2i + (m2a −m2b)2 )] Iab
+
[(
4M4f −
(
5m2a −m2b
)
M2f +
(
m2a −m2b
)2 )
M6i
+M2f
(
7M4f − 2
(
m2a + 19m
2
b
)
M2f − 5
(
m2a −m2b
)2 )
M4i
+M4f
(
16m4a −
(
8m2b + 17M
2
f
)
m2a − 8m4b +M4f
+37m2b M
2
f
)
M2i
]
I¯ab
− 6m2b M2f M2i
(
M2f −M2i
) [
M4i −
(
−5m2a + 5m2b +M2f
)
M2i
+M2f
(
−9m2a +m2b + 4M2f
) ]
J¯abb ,
96m2b
M2f
(p · q) P
(2)
α¯β¯,µ,αβ
Eα¯β¯,µ,αβ−, ab = M
2
f
[
24m2b
(
−m2a +m2b +M2i
)
M4i
−
(
M2i −M2f
)(
M4i − 2
(
m2a − 5m2b
)
M2i +
(
m2a −m2b
)2)
M2i
+2
(
M2f −M2i
)2 (
M4i − 2
(
m2a + 4m
2
b
)
M2i +
(
m2a −m2b
)2) ]
Iab
+
[(
− 2M4f +
(
m2a − 5m2b
)
M2f +
(
m2a −m2b
)2 )
M6i
−M2f
(
−5M4f + 4
(
m2a + 7m
2
b
)
M2f +
(
m2a −m2b
)2)
M4i
+3M4f
(
−8m4b + 3M2f m2b −M4f +m2a
(
8m2b +M
2
f
))
M2i
]
I¯ab
+6m2b M
2
f M
2
i
(
M2f −M2i
) [
M4i +
(
−3m2a + 3m2b +M2f
)
M2i
+M2f
(
3m2a + 5m
2
b − 2M2f
) ]
J¯abb ,
12
(p · q)3 P
(2)
α¯β¯,µ,αβ
E¯α¯β¯,µ,αβab =
[
−m4a − 4m2b m2a + 5m4b −M4i
+2
(
m2a − 2m2b
)
M2i
]
Iab ,
6M2i
(p · q)3 P
(2)
α¯β¯,µ,αβ
E˜α¯β¯,µ,αβab =
[
− 3M6i +
(
3
(
m2a +m
2
b
)
−M2f
)
M4i
−
(
m2a +m
2
b
)
M2f M
2
i + 2
(
m2a −m2b
)2
M2f
]
Iab ,
48
m2aM
2
i
(p · q)3 P
(2)
α¯β¯,µ,αβ
E¯α¯β¯,µ,αβ+, ab =
[ (
3M2f −M2i
)
m6a
−
(
3M4i + 7M
2
f M
2
i +m
2
b
(
M2f + 5M
2
i
))
m4a +
(
9M6i + 5M
2
f M
4
i
+m4b
(
13M2i − 7M2f
)
+ 2m2b
(
5M2f M
2
i − 23M4i
) )
m2a
96
−
(
m2b −M2i
)2 (
5M4i +
(
7m2b +M
2
f
)
M2i − 5m2b M2f
) ]
Iab ,
12M2i
(p · q)3 P
(2)
α¯β¯,µ,αβ
E¯α¯β¯,µ,αβ−, ab =
[ (
M2i −M2f
) (
M4i +
(
m2a +m
2
b
)
M2i
− 2
(
m2a −m2b
)2 )− 6M4i (m2a +m2b −M2i ) ] Iab ,
96m2b
M2f
(p · q) P
(2)
α¯β¯,µ,αβ
F α¯β¯,µ,αβab =
[
−
(
M2i −M2f
) (
M6i − 58m2b M4i
−
(
3m4a − 58m2b m2a − 17m4b
)
M2i + 2
(
m6a − 3m4b m2a + 2m6b
) )
M2i
+
(
M2i −M2f
)3 (
4m4a −
(
2m2b + 5M
2
i
)
m2a − 2m4b +M4i + 7m2b M2i
)
+
(
M2f −M2i
)2 (
2m6a +
(
16m2b − 7M2i
)
m4a + 11m
4
b M
2
i
+
(
−14m4b + 28M2i m2b + 5M4i
)
m2a − 4m6b − 49m2b M4i
)
+12m2b
(
3m2a +m
2
b −M2i
) (
−m2a +m2b +M2i
)
M4i
]
Iab
+M2i
[
− 2M8f − 2
(
2m2a − 9m2b
)
M6f + 8m
2
a
(
m2a − 4m2b
)
M4f
− 2
(
m6a − 18m2b m4a + 9m4b m2a + 8m6b
)
M2f
−
(
M4f + 4
(
m2a + 4m
2
b
)
M2f − 5
(
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